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Introduction

Sub-Riemannian geometry, also known as Carnot geometry or non-holonomic Rie-
mannian geometry, is the study of sub-Riemannian manifolds, i.e. triples (M,HM, (-,-))
where M is a manifold, HM is a sub-bundle of the tangent bundle TM —the so-called
horizontal bundle— and (-, -) is an inner product on the fibers of HM. An absolutely con-
tinuous curve v : [a,b] — M is called horizontal if 4(¢) € H. )M for almost every ¢ in [a, b].
One can define the Carnot—Carathéodory distance —also called sub-Riemannian distance—
p(p, q) of points p, ¢ € M as the infimum of the sub-Riemannian lengths of absolutely con-
tinuous, horizontal curves + : [a,b] — M connecting p and ¢, the sub-Riemannian length
L(7) of v being defined as

N

b
L) = [ (10400 at.
a
The horizontal distribution HM is called bracket-generating if for each p € M there exists
an open neighbourhood U of p and a local frame {X7,..., X, } of vector fields for HM on
U (where n = dim(HM)), such that among the vector fields

le, [le,ij], [Xju [ij ng]]v [Xju [Xj27 [Xj37 s 7Xjk]] .- ']? e

(where each j; belongs to {1,...,n}) there exist d = dim(M) which are linearly indepen-
dent.

By a classical theorem due to Carathéodory, Rashevsky and Chow ([15], [80], [18]),
if M is connected and HM is bracket-generating, then any two points p, ¢ € M may be
connected by means of an absolutely continuous, horizontal curve of finite sub-Riemannian
length (whence p(p,q) < +0o0), and p is a metric on M which generates the manifold
topology.

Sub-Riemannian geometry is a natural generalization of Riemannian geometry, where
sub-Riemannian metrics occur as limiting cases. It provides a unified framework for various
parts of pure and applied mathematics, such as Cauchy—Riemann geometry, analysis of
subelliptic differential operators, classical mechanics and control theory.

A connected, simply connected, nilpotent Lie group G is called a Carnot group or a
stratified group if its Lie algebra g of left invariant vector fields admits a stratification,
that is a direct sum decomposition g = @®;_;V; where Vi,...,V, are non-zero subspaces,
Vi,Vi] = Vigq forall 1 < ¢ < s—1 and [V1,Vs] = {0}. In particular, the horizontal
sub-bundle HG spanned by the left invariant vector fields which belong to V; is bracket-
generating. Any inner product on V; yields an inner product (-,-) on the fibers of HG.
Thus (G,HG, (-,-)) is a sub-Riemannian manifold which satisfies the hypotheses of the
Carathéodory—Rashevsky—Chow theorem.

It turns out that Carnot groups are, in a suitable sense, the “tangent spaces” to
sub-Riemannian manifolds. More precisely, it can be shown that the tangent cone at any
regular point of a sub-Riemannian manifold is isometric to a stratified group endowed with
its natural sub-Riemannian metric (cf. [69], [9], [66]). It follows from the differentiability
theorem of Pansu ([79]) that the stratified group is unique, up to an isomorphism of
stratified groups.
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The idea of approximating sub-Riemannian manifolds by means of Carnot groups goes
back to the work of Rothschild and Stein ([84]), Métivier ([68]) and Goodman ([42]),
who use this technique in order to study the properties (regularity, spectra) of linear
differential operators defined by means of vector fields satisfying Hormander’s condition
(cf. Hérmander’s foundational paper [50]). We refer the interested reader to the survey
article [34] of Folland for an exposition of these methods.

Finally, it should be mentioned that the nilpotent subgroup N C G in the Iwasawa
decomposition

UV:KxAXxN—-G

of a semisimple Lie group G of real rank one is a stratified group (see [59]). Moreover,
the boundary at infinity 0X = G/M AN of the corresponding symmetric space X = G/K
has a natural sub-Riemannian manifold structure, and N is the tangent cone to this sub-
Riemannian manifold at each z € 90X (cf. [79]).

In view of the above observations, it is not surprising that substantial efforts have been
made —and are being made— in order to develop analysis and geometric measure theory on
stratified groups and to achieve a better understanding of their geometry. In particular,
it is natural to try to extend Euclidean concepts and theorems to this sub-Riemannian
setting.

Motivated by the role played by convex functions in the theory of fully nonlinear
partial differential equations —the Monge-Ampere equation for instance (see e.g. [17],
[44])— in Euclidean space, researchers working in the field of subelliptic partial differential
equations have proposed several notions of convexity of sets and functions in the Carnot
group setting, and more generally in the setting of sub-Riemannian manifolds induced
by systems {X1,..., X, } of Hormander vector fields. The notion of horizontal convexity
—h-convexity for short—, originally formulated by Caffarelli, was rediscovered by Danielli,
Garofalo and Nhieu in [23]. Loosely speaking, a subset C' of a Carnot group G is said to
be h-convex if the following condition holds: if two points on an integral curve of some left
invariant, horizontal vector field on G belong to C', then the whole segment of the integral
curve between these points is also contained in C. A function f : C — R is h-convex if
it is convex along the integral curves v C C' of the left invariant, horizontal vector fields
on G. The notion of horizontal convexity in the viscosity sense —v-convexity for short—
was proposed and studied by Lu, Manfredi and Stroffolini in [64]. Roughly speaking, an
upper semicontinuous function f : {2 — R defined on an open subset 2 of a Carnot group
G is v-convex if the horizontal Hessian of test functions touching f from above is positive
semidefinite. It turns out that h-convexity and v-convexity are equivalent (see [62], [8],
[65], [89] and the third chapter of this thesis). In [75], Monti and the author showed that
the notion of geodetic convexity, which is perfectly appropriate in the Riemannian setting,
is totally inadequate in the setup of the first Heisenberg group.

Convex functions f : @ — R ~where Q C R? denotes a convex, open set— enjoy various
strong regularity properties: First, a convex function is locally Lipschitz continuous, hence
(by Rademacher’s theorem) almost everywhere differentiable. In addition, the supremum
norm of the function on a ball is controlled by the mean of its absolute value on a concentric
ball of comparable radius, and the essential supremum norm of its weak gradient on
a ball of radius r is controlled by the mean of its absolute value on a concentric ball
of comparable radius divided by r (L®-L! estimates). Second order regularity results
are also available for convex functions; it can be shown that their second order partial
derivatives are (signed) Radon measures and, by a theorem of Aleksandrov, that they are
twice differentiable almost everywhere ([1], [82], [30]). The Aleksandrov theorem has been
recently generalized to the class of k-convex functions (k > n/2) in [16].

In the sub-Riemannian setting, the following regularity results have been obtained so
far: It has been shown in [23] that continuous h-convex functions are locally Lipschitz
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continuous, which, by the Rademacher type differentiability theorem of Pansu ([79]),
implies that continuous h-convex functions are differentiable almost everywhere. Moreover,
L>-L' estimates for the function and its weak horizontal gradient hold ([23]). Similar
results for v-convex functions have been obtained in [64]. It is proved in [65] that h-
convex functions which are locally bounded above are automatically continuous. Finally,
the theorem of Aleksandrov has been extended to continuous h-convex functions on the
first Heisenberg group in [46], and to continuous h-convex functions on arbitrary Carnot
groups of step two in [24].

We now describe the content of this thesis and the results obtained. The first chapter
is a casual introduction to Carnot groups. We start by recalling the definitions and the
basic properties of stratified groups; we leave the verification of most of the facts to the
interested reader. We then supply some important examples; the well-known Heisenberg
groups for instance appear several times in this work. Finally, we collect some definitions
and elementary results related to differentiation in the horizontal directions.

The second chapter is based on the article [75]. We study the notion of geodetic
convexity in the setting of the first Heisenberg group. It is modelled on the corresponding
Riemannian notion of geodetic convexity. The results, which have been obtained in joint
work with Roberto Monti, show that the notion of geodetic convexity is useless in this
sub-Riemannian setting, since it turns out that the classes of geodetically convex sets and
functions are essentially trivial.

In the third chapter, we introduce the closely related notions of h-convexity and v-
convexity. We show that there is a sufficiently large supply of non-trivial convex sets and
functions to make the theory interesting: For instance, in the setup of the first Heisenberg
group, we can construct Weierstrass-type h-convex functions which are nowhere differen-
tiable in the vertical direction on a dense set or on a Cantor set of vertical lines. These
examples have been obtained in joint work with Zoltdn Balogh (see [8]). We also prove
that in any Carnot group, there exists a basis of the topology consisting of h-convex,
bounded open sets with smooth boundary. This result is due to the author (cf. [83]).

In the Euclidean setting, it can be shown that h-convexity and v-convexity are equiv-
alent, see for instance [62]. In the case of the Heisenberg groups, the equivalence of
h-convexity and v-convexity is a joint result of Zoltan Balogh and of the author (cf. [8]).
In this chapter, we prove that this equivalence holds in arbitrary Carnot groups. Note
that this generalization has been obtained independently by Magnani ([65]), Wang ([89]),
Juutinen, Lu, Manfredi and Stroffolini ([52]) and the author.

We start our investigations of the first order regularity of h-convex functions in the
fourth chapter. First, we show that h-convex functions which are locally bounded above
are also locally Lipschitz continuous with respect to an intrinsic metric. Second, we prove
that if G is an h-convex finite Carnot group, that is a Carnot group which contains a finite
subset whose h-convex closure has non-empty interior, then any h-convex function defined
on some h-convex, open subset of G is locally bounded above. Third, we demonstrate
that any stratified group of step two is finitely h-convex, but we also exhibit a stratified
group of step three and topological dimension four (the Engel group) which is not finitely
h-convex. This counterexample shows that finite h-convexity is not a generic property of
stratified groups and that a new strategy is needed in order to prove the continuity of
h-convex functions in step strictly larger than two.

The local Lipschitz continuity of locally bounded above h-convex functions —which
is an easy generalization of the corresponding Fuclidean assertion— has been obtained
independently by Magnani ([65]) and the author. The method employed to demonstrate
the local boundedness from above of h-convex functions in stratified groups of step two
generalizes an idea used by Zoltédn Balogh and the author in the Heisenberg groups ([8]). In
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the general case however, the proofs are substantially harder and more technical. Finally,
the counterexample to h-convex finiteness in step three is due to the author. The whole
chapter is based on the paper [83].

Chapter five is devoted to the study of geometric/measure-theoretic properties of h-
convex subsets of an arbitrary stratified group G. We start by proving that there exists a
constant 0 < ¢ = ¢(G, p) < 1 such that the estimate
H?(B(g,r) N C)

H?(B(g,7))
holds whenever C' C G is a measurable, h-convex subset and g is a point on its boundary.
Here B(g,r) denotes the open metric ball of radius r centered at g with respect to an
intrinsic metric p on G, Q is the homogeneous dimension of the group and H® is the Q-
dimensional Hausdorff measure induced by p. This estimate implies that, loosely speaking,
measurable, h-convex sets do not admit inward cusps. Next, we show that measurable,
h-convex sets have locally finite horizontal perimeter. Finally, we demonstrate that the
measurability requirements in the previous assertions cannot be removed. Indeed, surpris-
ingly, it turns out that even the first Heisenberg group contains non-measurable, h-convex
sets.

The results of this chapter are due to the author. Estimate (0.1) is one of the main
results in [83].

The fundamental estimate (0.1) has several interesting consequences, which we present
in chapter six. We use (0.1) to give a concise alternative proof of the L°~L! estimates for
(continuous) h-convex functions of Danielli, Garofalo and Nhieu. This estimates are the
main result in [23]. Note that L>°-L! estimates for v-convex functions were independently
proved by Lu, Manfredi and Stroffolini in [64]. As a second application of (0.1), we show
how this estimate can be combined with sufficient conditions proved by Danielli in [21] —see
also the results of J. Bjorn in [10]— in order to demonstrate that boundary points of an h-
convex, bounded open subset €2 of a Carnot group are regular and Holder regular for weak
solutions of the Dirichlet problem for the subelliptic p-Laplacian. Finally, we show that
the existence of local upper bounds for h-convex functions satisfying a weak measurability
condition (hence the local Lipschitz continuity of such functions) is a corollary of (0.1).
This corollary is taken from [83].

(0.1) <c VO<r<+4oo

In the last chapter, we describe the main steps which lead to the generalization of
the Aleksandrov theorem to (continuous) h-convex functions on Carnot groups of step
two. The results presented in this chapter are taken from [5], [23], [64] and [24]. The
only contribution of the author is the proof of Theorem 7.7, which is a straightforward
adaptation of the proof of the corresponding Euclidean statement (cf. Theorem 1 and its
proof in section 6.4 of [30]). A similar reasoning can be found in [65] and [24].

Two interesting questions concerning the regularity of h-convex functions remain open:
the first is whether h-convex functions are necessarily measurable, or whether there exists
a non-measurable h-convex function on some Carnot group of step larger than two, the
second is whether the Aleksandrov theorem extends to continuous, h-convex functions on
general Carnot groups.
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CHAPTER 1

Carnot groups

In this chapter, we introduce the Carnot groups, also known as stratified groups.
We will compare and study various notions of convexity on such groups in subsequent
chapters. In the first section, we recall the definitions and we review some properties of
Carnot groups, in particular the basic facts concerning the sub-Riemannian distance and
the Haar measure. Examples of stratified groups are given in the second section. In the
last section, we review some elementary results related to differentiation in the horizontal
directions.

1. Definitions

DEFINITION 1.1. A connected, simply connected, nilpotent Lie group G is called a
Carnot group —or a stratified group— if its Lie algebra g of left invariant vector fields
admits a stratification, i.e. if there exist non-zero subspaces V1, ...,V such that

(1) g= @1521‘/;7
(11) [‘/Yla‘/;] = ‘/YiJrl (2: 17"'78_ 1) and
(iii) [V4,Vs] = {0}.
Given a stratification & ,V; of g, we let d; := dimg(V;) (1 < i <s). Thend:=>7 |d;
is the topological dimension of G and we define the homogeneous dimension of G to be
Q=Y id,.

REMARK 1.1. It is easy to check that [V;,V;] C Vi, if 1 <i+j < sand [V}, V;] = {0}
if i +j > s. Moreover, it is clear that &;_,V;, &5_,Vi,..., {0} is precisely the descending
central series of g. In particular, s is the step of G and the numbers dy,...,ds; as well
as the homogeneous dimension () are independent of the stratification. It is left to the
reader to verify that if ®;_;V; and @©;_,V; are two stratifications of g, then there exists a

Lie algebra automorphism A : g — g which maps each V; onto Vi. Since G is connected
and simply connected, there exists a unique Lie group automorphism a : G — G such that
da = A (see for instance [90, Theorem 3.27]).

In the following, G denotes a Carnot group of topological dimension d whose Lie
algebra g of left invariant vector fields is endowed with a fixed stratification ®;_,V;.
The exponential mapping exp : g — G is a global diffeomorphism and
(1.1) exp(X) exp(Y) =exp(X *Y) VXY eg.
Here X xY is defined by the Baker-Campbell-Dynkin—-Hausdorff formula
(12)  XeY =X 4V XY+ X XY+ VK]

where the dots indicate a finite R-linear combination of Lie brackets of X and Y of order
at least four (see e.g. [87, Theorem 3.6.1]).

For go € G, ly, : G — G and ry, : G — G denote respectively left and right translation
by go, i.e.
ly(9) =909 and 714(9) =990 VgeG.
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For each A > 0, let Ay : g — g be the unique Lie algebra automorphism such that
ANX)=XNXifX eV, (i=1,...,s). By general theory (cf. e.g. [90, Theorem 3.27] and
[90, Theorem 3.32)),

(1.3) 8y := expoAy oexp

is an automorphism of G called dilation with A. Clearly, {dx}r>0 is a 1-parameter group
of automorphisms of G. By convention, for all g € G, dp(g) := e and Jx(g) := d_x (g_l) if
A <O.

REMARK 1.2. Notice that if X € V; for some 1 < ¢ < s, then X is homogeneous of
degree ¢ with respect to dilations. Indeed, given A > 0, an open subset {2 C G and a
smooth function f:Q — R, we have

X(fob\)(g) = %f (a(gexp(tX)) | _,
- %f (6x(9) exp (A'tX)) ‘tZO
= )\Z%f (0x(g) exp (£X)) ’t:x‘o
= XX £ (8x(g))-

DEFINITION 1.2. A left invariant vector field X on G is called horizontal if it belongs
to the first layer V; of g. If (X1,..., X4, ) is a basis of V1, then the sub-bundle HG of TG
spanned by Xi(g),..., X4, (g) at each g € G is called the horizontal bundle.

REMARK 1.3. Observe that any inner product (-,-) on Vi induces a left invariant
inner product —denoted again (-, -)— on the fibers of HG. Thus the triple (G, HG, (-, )) is
a sub-Riemannian manifold.

We equip G with a sub-Riemannian metric as follows: A curve 7 : [a,b] — G is said to
be admissible if it is absolutely continuous and horizontal, i.e. if ¥(t) € H )G for almost
every t € [a,b]. If (-,-) is a left invariant inner product on the fibers of HG, define the
sub-Riemannian length of v to be

b 1
L) = [ (03O0 at.

The Carnot-Carathéodory distance —also called sub-Riemannian distance— p(g1,g2) of
points ¢1,92 € G is defined as the infimum of sub-Riemannian lengths of admissible
curves connecting g; with go. The finiteness of p(g1, g2) is guaranteed by Proposition 1.2.
Standard regularization arguments (together with Proposition 1.2) show that absolutely
continuous curves can be replaced by piecewise smooth curves in the above definition.

It is a simple exercise to check that p is left invariant and homogeneous, that is

P(lgo(gl)vlgo(g2)) =p(91,92) VY90,91,92€G
and

p(6x(91),0x(92)) = Ap(g1,92) Yg1,92€ G VYA>0.

In the following, B(g,r) denotes the open ball of radius r centered at g with respect
to the sub-Riemannian metric p, that is

B(g,r):={d €Glp(9.9) <r},

while B(g,r) denotes the closed ball of radius r centered at g with respect to the sub-
Riemannian metric p, that is

B(g,r):={9' €Glp(g.9)<r}.
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(This is no abuse of notation since (G, p) is a length space).

We will now state and prove the Carnot group version of the Carathéodory—Rashevsky—
Chow theorem (Proposition 1.2). Let us introduce some notation: Given X, Xs,... € g
and g1, 92, ... € G, we define

(X)) :=X1, Jq) =g, I'(X1,Xs):=[X1,Xs], J'(91.92) := [91,92],

and, for n > 2,
I'"(X1,o, X)) =T (I N X0, e, X)), X))
and
Jg1y -y Gny1) == Jt (J”_l(gl, e ,gn),gnﬂ) .

We will need the following corollary of the Baker—-Campbell-Dynkin—-Hausdorff formula in
our proof of Proposition 1.2:

LEMMA 1.1. If XY € G, then

(1.4) exp(X)exp(Y)exp(—X)exp(=Y) =exp ([X, Y]+ R(X,Y)),

where R(X,Y) is a finite R-linear combination of brackets of X and Y of order > 3.
PrROOF. Apply formulae (1.1) and (1.2) three times. O

PROPOSITION 1.2. Let G be a stratified group of step s, g = ®;_, Vi a stratification of
its Lie algebra, (-,-) an inner product on Vi and p the sub-Riemannian distance induced
by (-,-). Then p(g1,92) < +oo for all g1, g2 € G and p induces the manifold topology.
What’s more, there exist constants

[ =1(G) €N, n:n(G):idk (3-2k—1—2) €N,
k=1

and left invariant, horizontal vector fields X;fj withl <k<s,1<i<dg, 1<j<k, such
that any g1, g2 € G can be connected by means of a path consisting of at most n segments
of integral curves of these vector fields, each segment of length at most 1 - p(g1,g2).

PRrROOF. For each k € {1,...,s}, let

K k k e k k
(I 1<X1’1,...,X17k>,...’f I(XdeI,...,thk))

be a basis of Vi, where each X;‘:j belongs to Vi (recall that V; generates g) and has sub-
Riemannian length equal to one. Fix ¢ > 0. For all k € {1,...,s}, i € {1,...,di},
define

fri s (—e,6) = G, fiualt) = IV (exp (1 XE) o exp (1 XE ).
It follows from (1.4) by induction that
fr,i(t) = exp (tIk_l <X51: V.. 7X¢’fk> + O (tH%)) .
In particular, fj; is C'! smooth and dofi,i (0¢(0)) = Ik-1 (Xl-’fl, e ,Xi’fk). Define

S dk
F:(—ee)' > G, Fltin,. .. tea,) = [ [] friltrs).

k=1i=1
Then, for all k € {1,...,s}, i€ {1,...,dx},

doF (0, (0)) = dofri(3,(0)) = I"* (th . 7Xz"fk> :
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Hence dF has maximal rank at 0. Consequently, F’ ((—e, e)d) contains an open neighbour-
hood U of e. Each f;;(t) is a product of 3 - 2F=1 _ 2 elements of exp(Vi) of the form

exp (t%ij), je{l,...,k}. Hence F(t11,...,ts4,) is a product of

n=mn = S okl
(G) ;dk(:& 2 2)

1
elements of exp(V}) of the form exp <t,§ XE. ) with [ty <efork=1,...,8i=1,...,dy,

17,7
j=1,..., k. Hence for e sufficiently small, we have
(1.5) UCF ((—e,e)d) C{geG|ple,g) <1},

The finiteness of the sub-Riemannian distance follows via left translations and dilations.
From the definition of p, it is clear that the topology generated by p is finer than the
manifold topology. The opposite direction follows from (1.5) using left translations and
dilations.

Now let (X1,...,Xg4) be a basis of g such that (Xi,..., Xy, ) is an orthonormal basis
of V1 with respect to (-,-) and (Xp; ,11,...,Xy,) is a basis of V; for all 2 < j < s, where
n; :=Y.J_, d;. For § > 0 small enough and

d
Bs = {Z ;X
i=1

we have exp (0Bs) C U. Since the sub-Riemannian distance induces the manifold topology,
it follows that the set {p(e,g) | g € exp (0Bs)} is bounded away from zero. Hence there
exists a constant | = [(G) € N such that each g € exp (0Bj) can be connected with e by
means of a path consisting of at most n segments of integral curves of the vector fields

|xi| <o forizl,...,d},

ij, each segment of length at most [ - p(0,g). The full statement now follows via left
translations and dilations. O

DEFINITION 1.3. A left invariant, homogeneous metric on G which induces the mani-
fold topology is called an intrinsic metric.

It is not difficult to prove that left invariant, homogeneous metrics p; and p2 on G which
both induce the manifold topology are equivalent, i.e. there exists a constant 1 < K < +00

such that
1

K P1
Since p is intrinsic and exp : g — G is a diffeomorphism, it follows that (G, p) is
a boundedly compact —in particular complete— metric space. Recall that any rectifiable
curve admits a parametrization by arc length (see for instance [12]). It can be shown that
a rectifiable curve v : [a,b] — G parameterized by arc length is admissible (cf. e.g. [74,
Proposition 1.3.3]) and that Var(y) = L(vy), that is the total variation of v equals its sub-
Riemannian length ([74, Theorem 1.3.5]). In particular, it follows that (¥(t),¥(t))yx) =1
for almost every ¢ € [a,b]. Finally, a standard compactness argument (see e.g. [12]) shows
that any two points g1, g2 € G can be connected by means of a (not necessarily unique)
rectifiable curve parameterized by arc length which minimizes the total variation among
rectifiable curves which connect these points. In view of the preceding observations, the
sub-Riemannian length of such curve equals the sub-Riemannian distance of g; and gs.

(91,92) < p2(g1,92) < K p1(91,92) Yg1,92 € G.

DEFINITION 1.4. An admissible curve 7 : [a,b] — G whose sub-Riemannian length
equals p(y(a),v(b)) is called a length minimizer or a geodesic.
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REMARK 1.4. Golé and Karidi have shown that length minimizers in stratified groups
of step two are smooth ([41]). Whether this remains true in Carnot groups of higher step
is a central open question in the field. The study of geodesics and of their properties in a
sub-Riemannian setting is an active area of research, see for instance [70], [41], [63], [71]
and [72].

Formulae (1.1) and (1.2) and the change of variable formula for the Lebesgue measure
in R? show that the image measure p of a fixed Haar measure on the Lie algebra (g, +) of
G under the exponential map is a bi-invariant Haar measure on the Borel o-algebra B(G)
of G, that is

1(1y(B)) = 11 (ry(B)) = u(B) VB EBG) ¥geG.

The bi-invariance implies that the inversion mapping, which maps the Borel set B € B(G)
to B~!, preserves p. Formula (1.3) and the change of variable formula show that p is
Q-homogeneous with respect to the dilations, i.e.

1 (0x(B)) = A9u(B) VB eB(G) YA>O0.

The Q-Ahlfors regularity of p and the left invariance of p imply that the QQ-dimensional
Hausdorff measure H< induced by p coincides with p, up to multiplication with a unique
positive constant (cf. [25, Lemma 1.2]).

DEFINITION 1.5. Let G be a Carnot group, ©;_,V; a stratification of its Lie algebra
g of left invariant vector fields and (-,-) a left invariant inner product on the horizontal
bundle HG. A basis (X1,...,Xy) of g is said to be adapted to the stratification if
(i) (Xi,...,Xq,) is an orthonormal basis of V1 with respect to (-,-) and
(i) (Xn;_141,---,Xn,) is a basis of Vj for all 2 < j <'s, where nj := Y7, d;.

It will be convenient to work with a more explicit representation of a given stratified
group G. Such representation can be obtained as follows: By (1.1), % : g x g — g defines a
group structure on g, and exp : (g,*) — G is a Lie group isomorphism. Given an adapted
basis (X7i,...,X4) of g, we use the induced R-linear mapping

d
f : g—>Rd, f (szXz> = (xl,...,a;d)
=1

to transport the group operation * on g to R?. Then (]Rd, *) is a Lie group isomorphic
with G. Given 1 <17 < d, we let

deg(i) :=ming 1 <k <

k
i<y djp.
j=1

Then
(1.6) cxr’ =z +2' +P Vo €RY

where P; is a polynomial in the variables xy, z; with deg(k), deg(l) < deg(s) if d1 < i < d,
and P, =01if 1 <4 <dj. The unit element in (]Rd, *) is 0, and the inverse of z € R? with
respect to x is —x. Dilation with A > 0 is given by

(1.7) on(z1,...,xq) = ()\deg(l)xl, Adeg(@) gy )\deg(d)xd) )

We can transport the horizontal sub-bundle HG together with its left invariant inner
product {-,-) to TR? by means of d ( fo expfl). The sub-bundle HR? of TR? obtained in
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this way is spanned by the left invariant vector fields X on (}Rd, *) uniquely determined
by the condition

dy
X(0) = 2:0,(0),
i=1

where z1,...,24, € R are arbitrary, and the left invariant vector fields Xi,..., Xg,
uniquely determined by the condition X;(0) = 0;(0) form an orthonormal basis of the
horizontal subspace H,R? at each 2 € R? with respect to the push-forward of {-,-) under
foexp~!. The integral curve v : R — R% of the left invariant vector field X determined
by X(0) = ff;l 2;0;(0) which satisfies the initial condition v(0) = p € R? is given by

(18) v(t):p*ét(xl,...,xdl,o,...,0) VteR.

It isn’t difficult to see that the restriction of v to any compact interval is a length mini-
mizer for the sub-Riemannian distance on R? induced by the push-forward of (-, -) under
d ( fo exp_l), and that v is a parametrization proportional to intrinsic arc length of v(R).

Finally, it follows from (1.6) and (1.7) that d-dimensional Hausdorff measure H%, built
with respect to the Euclidean distance on R? is a Q-homogeneous (with respect to the
dilations (1.7)) Haar measure on the Borel o-algebra B(R?). In particular, there exists a
unique constant 0 < o < 400 such that HQ = aHdE.

Throughout this work, the notation G = (]Rd, *) indicates that an adapted basis of the
Lie algebra of G has been chosen and that the group operation of G has been transported
to R? by means of the procedure described above. If G = (Rd, *), then (-,-) denotes the
standard inner product on R?, || - || the induced Euclidean norm and Bg(z,r) the open
ball of radius r centered at z € R? with respect to the Euclidean metric pg.

The following useful proposition shows that the flow generated by a horizontal vector
field of sub-Riemannian length one is measure-preserving. Moreover, it gives a Fubini-type
decomposition formula for stratified groups.

ProPOSITION 1.3. Let G = (Rd,*) be a Carnot group and let X # 0 be the left
wvariant, horizontal vector field on (Rd, *) uniquely determined by the condition

dy
X(0) =" 2:0,(0).
=1

Then there exists a diffeomorphism ®x : R x R — R? such that
Ox(y,t) = Dx(y,0) xexp(tX) V(y,t) e RT' xR,
by is measure-preserving if the sub-Riemannian length of X is one.

PROOF. Let IT denote the orthogonal complement of vy := (z1,...,24,,0,...,0). Let
(v2,...,v4) be an orthonormal basis of II such that (v1,...,v4,) is an orthogonal basis of
R4 x {0} C R% and v; = e; if d + 1 < i < d. Here e; denotes the i-th vector in the
standard basis of R?. Now define

d—1
Ox R XR = RY Px(y,t) = (Z ?/ivi+1> xtor. V(y,t) € R xR,
i=1
Using (1.6), it is a simple matter to verify the claims. O

2. Example of Carnot groups

According to Bellaiche ([9]), there are many algebraically non-isomorphic stratified
groups having the same topological dimension d, uncountably many if d > 6. In this
section, we review some important examples.
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2.1. The Heisenberg groups. H,, = (RQ"H, *) with the group law

n
(z,y,8) * (¢, ¢/, 1) = (rc +aly+y 1 42y - xy’)
=1

for all (z,y,t), (2/,y/,t') € R® x R™ x R is the n-th Heisenberg group. Its Lie algebra is
bn = spang{Xy,..., Xpn, Y1,...,Y,} ® spanp{T},

where 5 5 5 5 5
Xi= 2, Yim o =200, T = .
oz, T Vige o o ot
We have
[X;, Y] = —[Y;, X;] = 4T for 1 <i<m,

and all other commutators vanish. For each A > 0, the dilation § : H,, — H, induced by
the stratification is given by

ox(z,y,t) = ()\x,)\y, )\Qt) V(z,y,t) € R" x R" x R.
Observe that b, is isomorphic with the Lie algebra
spanp{X1,...,Xn, P1,..., Py} @ spang{Id},

generated by the operators X1, ..., Xy, Pi,..., P, and Id from quantum mechanics, which
act on complex valued functions depending on the real variables 1, ..., x,. More specifi-
cally, X; is multiplication with x;, P; = 7%8%, and Id is the identity.
The Heisenberg group H,, arises as the nilpotent part NV in the Iwasawa decomposition
UV:KxAxN—-SU(l,n+1)

of the simple group of real rank one SU(1,n + 1). The Heisenberg group can also be
identified with the boundary of the domain

S(Zn_l'_l) — Z ’Zk’z > 0} ,
k=1

which is biholomorphically equivalent to the open unit ball B"*! in C"*!. Hence the
structure of the unit sphere $?"*! in C"*! and of the Heisenberg group H,, are locally
the same. In particular, both are equipped with a Cauchy-Riemann structure —hence a
contact structure—, since they arise as boundaries of strictly pseudoconvex domains.

D= {z e ¢t

2.2. H-type groups.

DEFINITION 1.6. Let n be a nilpotent Lie algebra of step two equipped with an inner
product (-,-). Let 3 denote the center of n and let b = 3-. We say that n is H-type if
n =@} is a stratification of n and the restriction of adx to (ker(adx))" is an isometry
onto 3 for all X € v such that (X, X) = 1. A Carnot group G is said to be H-type if its
Lie algebra g is H-type.

H-type groups were introduced by Kaplan in [53]. He showed that the sublaplacian
on an H-type group G admits an explicit fundamental solution ® : G \ {e} — R of an
elementary form, thereby generalizing a result of Folland on the Heisenberg group ([33]).
This fundamental solution is expressed as

®(g) =cN(g)™™,

where m = dimg(g) + dimgr(3) — 2, 0 < ¢ < 400 is a constant and N : G — R is the
homogeneous gauge given by

1
N(exp(X + Z)) = (|X|* + 16|Z*)" VX €v, VZe€;.
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It was shown by Cygan ([20]) that the gauge N is also subadditive, i.e.

N(g192) < N(g1) +N(g2) Vg1,92 €G,
which implies that

pn(g1,92) =N (97'92) V1,02 €G
defines an intrinsic metric on G.

It can be shown that the nilpotent subgroup N C G in the Iwasawa decomposition
UV:KXxAXxN—-G

of a semisimple Lie group G of real rank one is of type H (see for instance [59, Propo-
sition 1.1]). The classical groups SOy(1,n), SU(1,n), Sp(1,n) and the exceptional 15-
dimensional group Fy_gq) are simple Lie groups of real rank one. The globally symmet-
ric Riemannian spaces of real rank one and of negative curvature arise precisely as the
quotients SOg(1,n)/SO(n) (real hyperbolic spaces), SU(1,n)/U(n) (complex hyperbolic
spaces), Sp(1,n)/Sp(n) (quaternionic hyperbolic spaces) and Fy (_s0y/Spin(9) (Cayley hy-
perbolic plane). The boundary at infinity 0X = G/M AN of the corresponding symmetric
space X = G/K has a natural sub-Riemannian manifold structure, and N is the tangent
cone to this sub-Riemannian manifold at each x € 90X (cf. [79]). For real hyperbolic
spaces N is Euclidean, and for complex hyperbolic spaces N is a Heisenberg group. Pansu
proved a rigidity result for quasiconformal mappings on the nilpotent subgroups in the
Iwasawa decomposition of Sp(1,n) (n > 2) and Fy(_gg) (cf. [79]). He then used this result
in order to simplify Mostow’s original proof ([77]) of the rigidity of symmetric spaces in
the quaternionic and Cayley number case. For recent results related to the rigidity of
H-type groups, we refer the interested reader to [81] and [14].

2.3. The Engel group. Consider the stratified group
E= (]R4,>k) = ({(z1, 22,9, 2) | 1,22,y,2 € R}, %)
with the group law
(z1,2,y, 2) * (), 25,9, 2') := (xl +x),zo+ay,y+y, 2+ Z’) +P
for all (z1,x2,y,2), (z], 25,1y, 2") € R*, where

P = <0 0 (331$/2 — 515'2513/1) (r1y — yx’l) n (x1 — :c’l) (xlxé _ 93290'1))

2 ’ 2 12
If X1, X5, Y, Z denote the left invariant vector fields uniquely determined by the conditions
X1(0) = 02,(0), X2(0) = 82,(0), Y (0) = 9y(0), Z(0) = 8(0),
then the commutation relations
{XlaX2] = }/7 [Xl,Y] = Z7 [X27Y] = [XlaZ] = [X27Z] = D/a Z] =0

hold, and

spanp{ X1, Xo} @ spanp{Y} ® spanp{Z}
is a stratification of the Lie algebra e of left invariant vector fields on (R4, *) Hence E is
a stratified group of step 3 and of homogeneous dimension () = 7. E is called the Engel
group and e the Engel algebra.

For each \ > 0, the dilation §) : E — E induced by the stratification is given by the
formula

ox(1, 22, y,t) = (A1, Awo, Ny, A\32) ¥ (21, 22,y,2) € RL

In the fourth chapter, we will see that the Engel group provides an example of a
stratified group of step three which is not finitely h-convex (compare Theorem 4.5 and
Theorem 4.10).
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3. Differentiation in the horizontal directions

In the following G is a Carnot group, 2 C G is an open subset, ®]_,V; is a strati-
fication of the Lie algebra g of left invariant vector fields on G, {J)}r>0 is the family of
dilations induced by the stratification, (-,-) is an inner product on Vi, (Xi,..., X4, ) is an
orthonormal basis of V; with respect to (-,-), p is the sub-Riemannian distance induced
by (-,-) and H®? is the Q-dimensional Hausdorff measure induced by p.

We start with an integration by parts formula for the derivative of a function in a
horizontal direction:

LEMMA 1.4. Let o € CY(Q), v € C(2) and X € V1. Then

/ Xo(g)d(g) dHO(g) = — / o(9)X(g) AHO(g).
Q Q

PROOF. Let ¥ € Q" € Q such that the support of v is contained in '. Using
dominated convergence and the right invariance of H<, we obtain

/Q Xo(9)p(g) dHO(g) = | Xo(g)v(g) dH%(g)

o

_ / (1551 (g exp(tif)) - ¢(9)> ¥(g) dH9(q)

o plgexp(tX)) — ¢(9)

= ltll%l o ( P ) ¥(9) dHQ(Q)

. o) (w(g<exp<tx>>—1) —w<g>> )
0 ooy (@) t

:/” o(9) (hm @b(gexp(t(—X)))—w(g)) dH(g)

t10 t
——/ng(g)Xw(g) dH®(g)
O

We use a generalized version of the integration by parts formula to define the distri-
butional derivative of a function in a horizontal direction.

DEFINITION 1.7. Let X € V. If f,h € L},.(Q) satisfy

[ wlorte) o) =~ [ fo)xule)an(e) v e cx(@),
Q Q

we say that h is the weak derivative of f in the direction X —notice that there exists at
most one h with this property up to almost everywhere equality— and we denote X f := h.
If the weak derivatives of f € Ll () in the directions X7, ..., Xg, exist, we define
di
Vuf=> XifX; and |Vuf|:=(Vuf,Vu/f)?,
i=1

N

and we say that Vy f is the weak horizontal gradient of f. Note that all orthonormal
bases of V] yield the same weak horizontal gradient (up to almost everywhere equality).

The following lemma shows that the weak horizontal derivatives inherit the left invari-
ance and homogeneity properties of the ordinary horizontal derivatives of smooth func-
tions:
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LEMMA 1.5. Let f € Lloc(Q) and suppose that the weak horizontal derivative X f of
f in the direction X € Vi exists. Given go € G, X > 0, consider fody € Llloc (51//\((2))

and folg € L} . (lga1(Q)). Then the weak horizontal derivatives X (f oly,) of folg, and
X(fody) of fody in the direction X exist and equal X folg, and X (X f o 6y) respectively.

PROOF. Let ¢ € C° (61,,(Q)) and ¢ € C° (lg()—l(Q)). By left invariance of X and
H®, we have

/Z_l Folu(0)X0(a) a12(0) = [ f0)X0 (1,52(0)) (o)

()

:/f(g)X (voly1) (9) 1)

- /Xf wol—l)(g)dHQ(g)

- / X f 0y (9)(9) dHO(g).
I _1(Q)

90

Next, using Remark 1.2 and the Q-homogeneity of H?, we compute

/61/A(Q)fo5>\(9) ©(g )dHQ /f Xgo ((51/)\( )) /\Q - dHQ( )

= /Qf(Q)X (w0 dis) (g))\Qfl (9)
—/QXf(g) (podiyn) (g))\Ql_l (9)
_ / M(X [ 06)) (9)¢(g) dH(g).
312 (2)

O

As in the Euclidean setting, it is often convenient to work with smooth functions. It is
therefore useful to have a procedure which allows to regularize a function: Let n € C°(G)
such that n > 0in G, [;n(g) )dH®?(g) = 1 and the support of 7 is contained in B(e, 1).
Given € > 0, let

Qe = {g € Q| dist(g,00) > €}
and let 7. : G — R be given by

19) = 5 (G1yels) Vg€G.

Then [ 7¢(g g) dH®%(g) = 1, and the support of 7 is contained in B(e, ). Given f € L .(Q),
we define f. : Q¢ — R by the formula

fo(g) = nex f(g) = /B g (n71g) ) = / e (gh™") F(h) aHO(h).

9(B(e.€))
Some important properties of the mollification are collected in the following

LEMMA 1.6. Let f € L}, .(Q). Then
(i) fe € C(),

(i1) fe — f locally uniformly in Q@ as € | 0 provided f is continuous and
(iii) X fe = (Xf)e in Q¢ whenever the weak derivative of f in the direction X € V;
exists.
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PROOF. We leave the proof of (i) and (ii) to the reader. Let us prove (iii). Let
¢ € C% () arbitrary. By the theorem of Fubini and the left invariance of X and H%,
we obtain

$(9)(X F)elg) dHO(g) = / (g) / ne(M)(X[) (h~'g) dHO(h) dH(g)
Q. c B(

€,€)

_ / ne(h) | w(@)(Xf) (hg) dH(g) dHO(h)
B(e,e) Qe

o
J
J

—— [ Xv@ [ s (htg) aHO(h dr(g)
Q. B(ee)

ne(h) / B(hg)(X F)(g) AHO(g) dHO(h)
e,e -1 (%)

h) / Xy (hg)(g) AHO (g) dHO(h)
1,—1(2%)
)

h | X¢(g)f (h'g) dHP(g) dH®(h)

)
e’
e Qe

776(
(e5€)
776(
(es€)
__ /Q X1(9)f.(g) dH(g)

= | $@)XJ9) dH%(g).
The claim follows. O

Lemma 1.7 shows that the pointwise derivative of a locally Lipschitz function in a
horizontal direction exists almost everywhere and yields the weak horizontal derivative of
the function in that direction.

LEMMA 1.7. Let f: Q2 — R be a locally Lipschitz function and let X € V;. Then

i L9 exp(tX)) — f(g)
t|0 t

Xf(g) =

exists for almost every g € Q and X f € LS () is the weak derivative of f in the direction
X.

ProOF. We identify G with (Rd, *) in the usual manner. It is not restrictive to assume
that the sub-Riemannian length of X is equal to one. Let ®x : R“! x R — RY be a
measure-preserving diffeomorphism, as in Proposition 1.3. We can cover €2 with countably
many sets of the form @ x ((yo,to) + (=7, ) x (=1, r)) € Q, where (yo,t0) € R xR
and r > 0. Fix y € (—r,7)9"1. Then the function 7 : (—r,7) — R given by

() = f(@x(yo +y.to+1)) = f (2x(yo +y,t0) exp(tX))
is Lipschitz continuous, hence differentiable almost everywhere by Rademacher’s theorem.
It follows that

. Jlgexp(tX)) — f(g)
Xf(9) —{;fg "

exists for almost every g € ®x ((yo,to) + (—r, 7)1 x (—=r,7)).

It is clear that X f belongs to L7 (€2). Hence all that is left to show is that X f is the
weak derivative of f in the direction X. Let ¢ € C°(Q2) and ' € Q" € 2 such that the
support of 9 is contained in €. Using dominated convergence and the right invariance of
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H, we obtain

- [ foxv o) = [ sto) (hm g ep(t(=X)) ‘“’(9)) HO(g)
Q ’

10 t
_ 121%1 £(9) <¢(g exp(t(—tX))) - ¢(9)> dHQ(g)
— lim flgexp(tX)) — f(9) Q
o ( t ) b(g) dH(g)
_ / <1tlf51 f(gexp(t)t()) - f(g)> w(g) dHO(g)
/ XF(g)0(g) dHO(g).

O

REMARK 1.5. Let f : @ — R be a locally Lipschitz function. By the Rademacher
type differentiability theorem of Pansu (cf. [79]), for almost every go € €2, there exists a
homogeneous group homomorphism Dy, f : G — R such that the quotient

f(g900x(9)) — f(g0)
A

converges locally uniformly in g to Dy, f(g) as A | 0. If Dy, f exists at some gy € €, then

the limits
Xif(g0) = ltif(r)l f(g0 exp(t)t(i)) — flgo)

exist for 1 <1 < dy. Moreover, it is not difficult to see that

0 X € ®_,V;
Zz 1 @i X flg0) X = Zz Lo X; € Vi

Hence there exists a polynomial P, : G — R of homogeneous degree at most one (compare
the first section of the last chapter for a definition) such that

i 109) — Poo(9)
g—=90  p(g0,9)

Dy, f(exp(X)) = {

=0.

The Euclidean notion of divergence of a vector field admits the following natural gen-
eralization to the Carnot group setting:

DEFINITION 1.8. If ¢ : Q — HG is any C' smooth section of the horizontal bundle,
the horizontal divergence of ¢ is

divi(e Z Xi{p, X

Clearly, all orthonormal bases of V; yield the same horizontal divergence.

The left invariance and homogeneity of the horizontal divergence is given by the fol-
lowing

LEMMA 1.8. Given a C' smooth section ¢ : Q — HG of the horizontal bundle, write
i = (p, X;) for 1 <i<d;. Given go € G and XA > 0, define

d1 dl
polg, = Z(% olg,) Xs and @ody = Z(% 0dy) X;

i=1 =1
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Then @ o lg, : lgo—l(Q) — HG and @ o 6y : 61/,(Q) — HG are C smooth sections of the

horizontal bundle,
divy (@ olgy) = divu(p) o lg,
and
diVH ((p e} (5/\) =\ (leH((p) (¢] (5/\) .

Proor. We have

dl dl
div (p o lgy) ZX (polgy, X ZXz (piolgy) :ZXi(Piolgo
by left invariance of X1, ... Xd1 and
dy
divg (pody) = ZX (podr, X ZXi(CPiO(SA Z)\ Xipody)

by homogeneity of X7, ... ,Xd1 (cf. Remark 1.2). O






CHAPTER 2

Geodetic convexity

In a Riemannian manifold (M, g), one can consider the following generalization of the
Euclidean notion of convexity for sets and functions:

DEFINITION 2.1. A set C' C M is convez if (the image of) any geodesic connecting
arbitrary points pi1, po € C is contained in C and strongly convex if the relative interior
of (the image of) any geodesic connecting arbitrary points p1, p2 € C is contained in C.
A function v : C — R defined on some convex subset C' C M is said to be convez if
wo~y :[a,b] — R is convex (in the Euclidean sense) whenever v : [a,b] — C is a geodesic
parameterized proportionally to arc length.

Here geodesic is understood in the sense of global length minimizer. This definition
of convexity is appropriate in the Riemannian setting since there exists a sufficiently large
supply of non-trivial convex sets and functions. Indeed, it is well-known that any p € M
admits a strongly convex open neighbourhood U = U(p) (see for instance [27]). Moreover,
if (M, g) is complete and simply connected and if the sectional curvature is non-positive in
U, then the square of the distance function from p is a convex function in U (cf. e.g. [51]).

In this chapter, we show that a notion of geodetic convexity modelled on the Rie-
mannian definition is inadequate in the sub-Riemannian setting of Carnot groups. In the
first section, we introduce the necessary terminology and describe the geodesics of the first
Heisenberg group. In the second section, we show that the notion of geodetic convexity
gives rise to a trivial class of sets and functions in the first Heisenberg group.

1. Geometry of the first Heisenberg group
In the following,
H=H = (R *) = ({(z,5,) | 2, y, t € R}, %)

denotes the first Heisenberg group (see also the second section of the first chapter) with
the group law

(z,y,t) % (2,9, t) = (x+ 2’y +y t +t +2 'y —ay)) V(x,yt), (@,y, 1) €RE

One can check that the unit element is 0 € R3 and that the inverse of p = (z,y,t) is
p~ ! = (—x,—y,—t). The t-axis Z = {(0,0,t) | t € R} is the center of the group.
The differential structure on H is determined by the left invariant vector fields

0 0 0 0 0
Let Vi := spang{X, Y} and V5 := spang{7T'}. Then h = V; & V4 is a stratification of the Lie
algebra b of left invariant vector fields on H. The sub-Riemannian distance on H induced
by the inner product on V; for which {X,Y} is an orthonormal basis of V; is denoted p.
Observe that if 7 : [a,b] — H is an absolutely continuous curve, then its sub-Riemannian
length L(7) is

N

b
L(y) = / (32() +33())? dt.

15
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For each A > 0, the dilation Jy : H — H induced by the stratification is given by the
formula

5/\(56’3/’ t) = ()\$,)\y,>\2t) V(l',y,t) S Rg'

Geodesics in the metric space (H, p) can be computed explicitly and we refer, for
instance, to [40], [59], [9], [73] or [7] for a discussion of the problem. Precisely, geodesics
starting from the origin 0 € H are smooth curves v = (71, 7y2,73) with

asin(pt) + B(1 — cos(pt))

n(t) = -
(2.1) Ya(t) = Bsin(pt) — a(l — cos(pt))

73()

. 4

B 2g0t — sin(pt)
=2
The real parameters a, 3, specify the geodesic. The condition ensuring arc length
parametrization is o + 3% = 1 and the curve must be consequently defined on an in-
terval [0, L], where L = L(vy) is the sub-Riemannian length of «. In the case ¢ = 0, the
formulae (2.1) must be understood in the limit sense. If ¢ # 0 the curve v in (2.1) is
length minimizing if and only if L < 27 /|p|. For t > 27/|¢| the curve 7 is not a geodesic
anymore.

Geodesics starting from an arbitrary point can be recovered from (2.1) by left trans-
lations. Note that isometries of (H, p) and dilations transform geodesics into geodesics.

In the following proposition, we list some known properties of geodesics that can be
derived from (2.1) and will be used in the sequel.

ProrosiTION 2.1.

(i) For any p € H\ Z there exists a unique geodesic connecting 0 and p.

(ii) For any p € Z, p # 0, and for any pair (o, ) € R? with o® + 3% = 1, there
exists a unique geodesic vy connecting 0 and p such that ¥(0) = a0, (0) + £0y(0).
Moreover, the union of the images of the geodesics connecting 0 and p is the
boundary of a convexr open set which is invariant with respect to the rotations of
R3 that fix Z.

(iii) The image of the geodesic connecting the points p = (x,y,t) and p* = (—z, —y,t)
is the line segment [p, p*].

(iv) For ¢ # 0 the projection onto the (x,y)—-plane of the geodesic v in (2.1) is an
arc of circle with radius 1/|p|.

(v) A geodesic v : [0,L] — H with parameter ¢ € R and 0 < L < 27/|p| can be
uniquely extended to [0,27/|¢|] (¢ # 0), respectively [0, L] for any L < L < +oo
(p=0).

(vi) The mapping

¢ {(a,B,0,t) [® + 52 =1 peR, te(0,2n/¢)} - H\Z

where
(p(awga %t) = (@1(&,6, 907t)7(1)2(a757§07t)7 @3(0[7ﬂ7g0,t))
with
By (0, .o, 1) asin(gt) + B(1 — cos(pt))
Bsin(pt) — 020(1 — cos(pt))
@2(0&, Bv 2 t) =

t — sin(pt
<1>3(Oz,ﬂ,g0,t) = 2()0802«0?

18 a homeomorphism.
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Let us now state some definitions and preliminary results that will be needed in the
proofs of Theorem 2.5 and Theorem 2.7.

DEFINITION 2.2. We say that a set C' C H is geodetically convex if for all pg, p1 € C
and all geodesics v : [0, L] — H with L = p(po,p1), 7(0) = po and v(L) = p; we have
~v([0,L]) € C. The geodetic convex envelope C(A) of A C H is the smallest geodetically
convex subset of H containing A.

A function u : H — R is said to be geodetically convez if for any pg, p1 € H and any
geodesic v : [0, p(po,p1)] — H = (R3, *) parameterized by arc length connecting py and
p1, the function ¢ — u((t)) is convex in the usual sense.

DEFINITION 2.3. For pg,p1 € H, T'(po, p1) denotes the set of images of geodesics con-
necting po and p;. Given A C H we define G(A) := U, ,,ca T (Po.p1), G°(A) := A and

G"tL(A) == G(G"(A)) for all n € Ny.
LEMMA 2.2. For A CH we have C(A) = U, ey, G"(4)-

PROOF. Using the fact that G"(A) C G"T(A) for all n € Ny, one easily checks that
Unen, 9" (A) is geodetically convex and contains A. This gives C(A) C |J,,en, 9"(4). On
the other hand A C C(A), and if G*(A) C C(A) for some n € Ny, then G"*1(A4) C C(A). O

In the following, R denotes the set of rotations of R? that fix the center Z. Precisely,

cos(f) sin(d) O
(2.2) R=<S Rg=| —sin(f) cos(h) 0 6 € [0,2m)
0 0 1

The rotations Ry, as well as the mapping
(2.3) G:-H-H, Gz,y,t) = (—x,y,—t) V(x,y,t) € H,
are isometries of (H, p).

LEMMA 2.3. Let A CH, p e H, A\ > 0 and R € R. Then C(l,(A)) = [,(C(A)),
C (0x(A4)) = 6x(C(A)), C(R(A)) = R(C(A)) and C(G(A)) = G(C(A)).

PROOF. We prove the statement for R. Since isometries of (H, p) map geodesics to
geodesics, it follows easily by induction that

R(G"(A)) =G"(R(A)) VneN,.

Moreover, by Lemma 2.2

RcA)=R| |J "W | = R@G"W) = |J 6"(R(A) =C(R(A)).

neNg neNg neNp

LEMMA 2.4. We have {(0,0,t) | —1 <t <1} C G%({(0,0,—1),(0,0,1)}).
PRrOOF. For —1 < 7 < 1, consider the plane
I(7) :={(x,y,t) e H| t = 7}.

By Proposition 2.1 (ii), the intersection of G'({(0,0, —1), (0,0,1)}) with II(7) is a circle of
radius r(7) > 0 centered at (0,0, 7). Pick any point p on the circle and denote by p* the
reflection of p with respect to (0,0, 7) in II(7). From Proposition 2.1 (iii), it follows that
(07077_) € QQ({(O’(),_D»(O?O? 1)}) O
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2. Non-existence of non-trivial geodetically convex sets and functions
THEOREM 2.5. Let A = {(z,y,t1), (x,y,t2)} CH, t1 # ta. Then C(A) = H.

Proor. By Lemma 2.3, it is enough to show that
C(A)=H for A=1{(0,0,—-1),(0,0,1)}.
The proof is divided in three steps. First, we show that rotations that fix Z and reflections
with respect to the (z,y)-plane map C(A) onto itself. Second, we prove that the function
h:[0,+00) — [0, +0oc] defined by
h(r) :==sup{t > 0] (r,0,t) € C(A)}

is non-increasing and that
(2.4) {(x,y,t)€R3’0<]t]<h (r}cca
if r € [0,+00) and h(r) > 0. The last step consists in showing that h is nowhere finite.

1. Let 6 € [0,27) and denote by Ry € R the rotation around Z with angle 6, as in
(2.2). By Lemma 2.3, we have

Ry(C(A)) = C (Re(A)) = C(A).

We denote by S : H — H, S(x,y,t) = (x,y,—t), the reflection with respect to the
(x,y)-plane. We claim that S(C(A)) = C(A). The rotational symmetry of C(A) implies
that S(C(A)) = G(C(A)), where G(z,y,t) = (—z,y, —t). By Lemma 2.2,

S(C(4)) = G(C(A)) = C(G(A)) = C(A).

2. We prove (2.4) first. By definition of h, it suffices to show that for any pair of
points (z,y, —t), (z,y,t) € C(A) we have
{(z,y,t) OS] < [t} S C(A).
Notice that
C({(zy, ), (2,3, 1)}) € C(A)
and
C({(.’L‘, Y, _t)7 (z,v, t)}) =C (lp © 57”({(07 0, _1)7 (07 0, 1>}))
with p = (z,9,0) and r = /|t|. By Lemma 2.3 and Lemma 2.4, we obtain
{(z,,t) [0 < [f'| < [t]} =1p 0 0-({(0,0,) [0 < '] < 1})
- lp o 57’(6({(07 Oa _1)> (Oa 07 1)}))
=C (lp ° 67‘({(07 0, _1)a (07 0, 1)}))
= C({(l‘, Y, _t)7 (33’, Y, t)})
Hence (2.4) follows.

Now we prove that h is non-increasing. Otherwise we can find 0 < ry < ro < +00 such
that 0 < h(ry) < h(rz). Pick h(r1) <t < h(rz). Then, by Proposition 2.1 (iii), the curve
7 [0,2r9] = H, 7(s) = (=r2,0,t) + 5(1,0,0)
is a geodesic such that v(0) = (—r2,0,t) € C(A) and v(2r2) = (r2,0,t) € C(A). This

contradicts h(ry) < t.

3. Our goal now is to show that h is nowhere finite, which concludes the proof of
Theorem 2.5. Assume by contradiction that there exists 0 < r < 400 with 0 < h(r) < +o00.
Without loss of generality we can also assume h(r) > 0. Indeed, if h was nowhere positive
and finite, then

0<ro:=inf{r >0|h(r) =0} < 400,
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whence Z C C(A). Since G2({(0,0,—1),(0,0,1)}) contains an open neighbourhood of 0
and since

5.7 (G*({(0,0,-1), (0,0,1)})) = G* ({(0,0, 1), (0,0,)}) CC(A) V>0,

h(r) = 0 for r > r( is impossible, a contradiction.
Let p~ = (r,0,—h(r)), p* = (r,0,h(r)). By Proposition 2.1 (ii) (modulo left transla-
tion), there exists a geodesic v : [0, p (p~, p™)] — H connecting p~ and p™ with

7(0) = % (X(p7)+Y(p7)) = \}5 (:(0) + (8,(0) — 2rd,(0))) = Jli

Hence, for some s > 0 we have v(s) < —h(r) and 7?(s) + ~v3(s) > r2. But then the same
is true for the geodesic 7 : [0, p((r, 0, —t), (r,0,t))] — H defined by
y=Ilpodrol,107, X=+/t/h(r), p=(r,0,0)

which connects (r,0,—t) and (r,0,t), provided that ¢ € (0,h(r)) is sufficiently close to
h(r). This contradicts the fact that h is non-increasing. O

(1,1,—2r).

We need the following lemma in our proof of Theorem 2.7 below:

LEMMA 2.6. Let A C H. Suppose there exist ¢ € R?, a neighbourhood U of q in R>
and a continuous function f:U — R such that

{(z,9,1) € Af (z,y) € U} = {(,y, f(z,9)) | (z,y) € U}.

Then A is not geodetically convex.

Proor. Without loss of generality we can assume that ¢ = (0,0). Suppose by con-
tradiction that A is geodetically convex. Note that, by Proposition 2.1 (i) (modulo left
translation), for a given pair of points in A there is a unique geodesic connecting them.

1. Choose r > 0 such that B := {(a;,y) ‘ 22 +y? < 7'2} € U and define g : 0B — R
by

9(@,y) == f(z,y) = f(-z,—y).
Since g(z,y) = —g(—xz, —y), the continuity of g implies g(x,y) = 0 for some (z,y) € 0B,
ie. f(xz,y) = f(—x,—y) for a pair of points (x,y), (—z, —y) in IB. Since A is geodetically
convex, {(sz, sy, f(z,y)) | s € [-1,1]} C A. Hence f(sz,sy) = f(x,y) for all s € [—1,1].
By Lemma 2.3, we may assume that = > 0, y = 0 and f(0) = 0.

2. Let v € ST = {(z,y) € R? ‘ 2?4+ y* =1} C R? Then the map s — f(sv) from
[—r,7] to R is monotonic. Otherwise, by continuity of f, we could find s; < s2 in [—7,7]
such that f(sjv) = f(sqv), but either f(s;v) > min{f(sv) | s € [s1,s2]} or f(siv) <
max {f(sv) ‘ s € [s1, 32]}, i = 1,2, which is not possible because the image of the geodesic
connecting (s1v, f(s1v)) and (sqv, f(sqv)) is a line segment contained in A.

3. The continuity of f on U, the continuity of p with respect to the Euclidean distance
on H = R? and the fact that the length of a geodesic is actually the Euclidean length of
its projection onto the (z,y)-plane imply that the projection of the image of a geodesic
connecting (z1,y1, f(z1,y1)) and (z2, y2, f(x2,y2)) is contained in an arbitrary small neigh-
bourhood of {(z1,41), (x2,y2)} provided (z1,y1) and (x2,y2) are chosen sufficiently close
to each other.

4. For 0 < e <7/2, let

po = (r/2(cos(—e),sm( e)),f(r/Q(COS(—e),sin(—e)))),

p1i= (r/2(cos(e),sin(e)),f(r/Z(cos(e),sin(e)))),

qo := (T/Q(COS(TF —€),sin(m — €)), f(r/2(cos(m — €), sin(w — e)))),
q = (r/2(cos(7r + ¢€),sin(m + ¢€)), f(r/2(cos(m + €), sin(m + 6))))
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Let 47 : [0, p(po, p1)] — H and 77 : [0, p(qo, q1)] — H be the geodesics satisfying v7(0) = po,
7P (p (p()ap )) = p1, 74(0) = qo and ¢ (p(qo,q1)) = q1. If € > 0 is chosen small enough,
then (cf. 3.)
Po~P([0,p(po,p1)]) € ({(z,y) € B|0 <z <r}),
Po/yq ([Oap(QO7q1)]) c ({(m,y) €B ‘ —r<r< 0}),

where P denotes the orthogonal projection
P:R* = {(z,y,t) R’ |t =0}.

5. The vectors 0, and Jy — 2x0; span the horizontal plane at (z,0,0). Now notice
that there exists s, € (0, p(po, p1)) with the properties

V5 (sp) = 75(sp) =0, 7{(sp) >0 and 5(sp) > 0.
Indeed, P must cross the (z,t)-plane, 47 ([0, p(po,p1)]) € A, f =0 on {(x,0) | |z| < r}

(cf. 1.) and P o~P ([0, p(po,p1)]) is a line segment or an arc of circle by Proposition 2.1
(iii) and (iv). It follows that

V5 (sp) = 237 (3p)75 (8p) — 295 (8p) 77 (8p) = —235 (8p)77 (8p) < 0.
Similarly, there exists s, € (0, p(go,¢1)) with the properties

Y3(5q) =74(sq) =0, ¥{(sq) <0, ¥4(sq) <0 and Fi(sq) <O0.
In particular, since v? ([0, p(po,p1)]), 74 ([0, p(q0,¢1)]) € A and f is continuous, we can
find 0 < 0 < e and 0 < 71,79 < r such that

f (F1(cos(d),sin(d))) < 0 and f(Fa(cos(m + d),sin(w + 4))) < 0.

Now, since f(0) = 0 and f is continuous on {7(cos(d),sin(d)) | —r < 7 < r}, there exist
0 < r1,79 < 7 such that

t = f(r1(cos(0),sin(d))) = f (ra(cos(m + 0), sin(m + 4))) < 0.
Since the image of the geodesic connecting
(r1(cos(9),sin(0)),t) and (rq(cos(m + 0),sin(w + 0)),t)
is a line segment contained in A, we get (0,0,t) € A, a contradiction. O

THEOREM 2.7. Let p1, p2, p3 € H be three points not lying on the same geodesic. Then
C ({p1,p2,p3}) = H

ProOF. Without loss of generality, we can assume p; = 0.

1. We claim that there exist two points ¢1, g2 € C ({p1,p2, ps}) such that ¢ # ¢2 and
P(q1) = P(g2). Assume by contradiction that no such pair of points exists. Then there is
always a unique geodesic connecting any given two points in C ({p1,p2,p3}).

2. Consider the geodesic x : [0, p(p2,p3)] — H with x(0) = p2 and & (p(p2,p3)) =
ps. For o € [0, p(p2,p3)], let v» : [0, p(p1,k(c))] — H be the unique geodesic such that
v5(0) = p1 and v, (p(p1,K(0))) = k(o). We show that if o < 7, then v, N v, = {p1}.
If the intersection is larger, let t; := max {t € [0, p(p1,K(0))] | 70(t) € v+} and let t2 be
the unique element in [0, p(p1, k(7))] with v,(t2) = 7,(t1). By uniqueness of geodesics,
t1 = ta and 7,|[0,t1] = 77|[0,t2]. It then follows from Proposition 2.1 (v) that either
t1 = p(p1,k(0)) or ta = p(p1, k(7)) and hence v, C 7, or v, C 7,. Consider for instance
the case 7, C 7,. Clearly, x([o,7]) C 7,. By Proposition 2.1 (v), it follows easily that
k(0) = p2 € v, and so vy U K[0,k(r)] € Vr- The maximal extension 7, of v, must contain
Yo U k. Consequently, p1, p2, ps € -, contradicting our assumption.

3. Consider the open set

U={(0,5) €R*| 0 € (0,p(p2,03)) , s € (0, p(p1,5(0))) } ,
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and the mapping F : U — R? given by

F(0,5) == P(3s(s))-

By 2., F is injective. Moreover, by Proposition 2.1 (vi), (0,s) — 7,(s) is continuous, be-
cause the endpoint k(o) varies continuously. By the theorem on the invariance of domains
—see for instance Proposition 7.4 in the fourth chapter of [28]- the mapping F' is open. In

particular the set V := F(U) is open and the inverse mapping F~! : V — U is continuous.
But then so is the function f : V — R defined by

f(l‘,y) = g(F_1($, y))v
where g : U — R is the third component of (¢, s) — 7,(s). We have

{(CC,y,t) € C({plap%p?)}) ’ (:E,y) € V} = {(:C,y,f(x,y)) ’ (gj7y) € V}7

and by Lemma 2.6 the set C ({p1, p2, p3}) cannot be geodetically convex. This contradiction
concludes the proof. O

Thus, the only geodetically convex subsets of H are the empty set, points, segments of
geodesics and the whole group. The lack of geodetically convex sets has its counterpart in
the lack of geodetically convex functions on H:

COROLLARY 2.8. If u: H — R is geodetically convez, then u is constant.

PRrROOF. First we show that u must be constant on the vertical axis Z. Assume by
contradiction this is not true.

Case 1: There exist three distinct points (0,0,;), (0,0,t2),(0,0,t3) €
u(0,0,t1) < u(0,0,t2) < u(0,0,t3). The set C := {p € H | u(p) < u(0,0,t3
ically convex, because u is convex on geodesics. Moreover (0,0,t1), (0,0,t2)
Theorem 2.5, it follows that C' = H, contradicting (0,0,t3) & C.

Case 2: u assumes exactly two values on the vertical axis (say 0 and 1), u(0,0,¢) =0
for some ¢t € R and u(p) = 1 for any p # (0,0,¢) on the vertical axis (otherwise we are in
Case 1). Consider two distinct geodesics v and x connecting (0, 0,¢) and (0,0, —t) (we can
assume t # 0). We have yNrx = {(0,0, —t), (0,0,%)}. By convexity of u on v and , we can
find p € v\(vNk) and ¢ € k\ (yNk) with u(p), u(q) < 1. Theset C := {p' € H | u(p’) < 1}
is geodetically convex and contains (0,0,¢), p and g. Since these points do not lie on the
same geodesic, Theorem 2.7 gives C' = H which contradicts (0,0,t") ¢ C when ¢’ # t.

€ Z such that
)} is geodet-
€ C and by

i3

By left translation, the previous argument shows that w must be constant on any
vertical line. Suppose now we could find two vertical lines v; and v9 and ¢; < ¢, such
that ¢;, ¢ = 1,2, is the value of u restricted to v;. But then, if we choose two points on
vy sufficiently far apart, the union of images of geodesics connecting these two points will
intersect vo, which is impossible since u < ¢; on this union by geodetic convexity. O






CHAPTER 3

Horizontal convexity and horizontal convexity in the
viscosity sense

In view of the results of the previous chapter, more appropriate notions of convexity in
Carnot groups must be found. In the first section of this chapter, we introduce two closely
related notions of convexity, horizontal convexity —h-convexity— and horizontal convexity
in the viscosity sense —v-convexity—, and we record some basic properties of convex sets
and functions. We provide examples in the second section. Finally, in the third section,
we show that h-convexity and v-convexity define roughly the same classes of functions.

1. Definitions

The following definition of convexity, due to Caffarelli, was rediscovered by Danielli,
Garofalo and Nhieu in [23].

DEFINITION 3.1. Let G be a stratified group. A subset C' C G is said to be h-convex if
v([a,b]) € C whenever v : [a,b] — G is an integral curve of some left invariant, horizontal
vector field and v(a),v(b) € C. If A C G is any subset, the h-convex closure C(A) of A
is the smallest h-convex set which contains A. A function uw : C' — R defined on some h-
convex subset C' C G is said to be h-convez if uo~y : [a,b] — R is convex (in the Euclidean
sense) whenever v : [a,b] — C is a segment of an integral curve of some left invariant,
horizontal vector field.

REMARK 3.1. Notice that the above definitions depend on the stratification of the Lie
algebra g of G. However, if ®;_,V; and @lef/i are two stratifications of g, then we can
find a Lie algebra automorphism A : g — g which maps each V; onto V; and a unique Lie
group automorphism a : G — G such that da = A (cf. Remark 1.1). Note that C' C G is
h-convex with respect to @& _,V; if and only if a(C) is h-convex with respect to EBf:lf/Z-,
and u : C — R is h-convex with respect to @®3_;V; if and only if uoa™t : a(C) — R is
h-convex with respect to @f:1‘7i~

We list elementary facts about h-convex sets and h-convex functions in Lemma 3.1
below:

LEMMA 3.1. Let G be a Carnot group, C C G an h-convex subset, u,v : C — R
h-convez: functions, g € G, A > 0 and ¢ € [0,+00). Then
(i) 1;-1(C) is h-convex and uoly : l;-1(C) — R is h-convez,
(ii) d1/A(C) is h-convex and wo oy : 61/5(C) — R is h-convez,
(iii) cu: C — R is h-convex and
(iv) u+v: C — R is h-convex.
Moreover,

(v) the pointwise limit of a sequence of h-convex functions is h-conver,
(vi) the supremum of a sequence of h-convex functions which admits pointwise upper
bounds is h-conver,
(vii) the intersection of any collection of h-convex subsets of G is h-conver,
(vill) 14(C(A)) =C(l4(A)) for all AC G and g € G, and

23
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(ix) 0A(C(A)) = C(6A(A)) for all AC G and X > 0.
PRrROOF. The verifications are left to the reader. O

Lemma 3.2 says that smoothing of a function (see §3 in the first chapter) preserves
h-convexity.

LEMMA 3.2. Let Q C G be an h-convex, open subset, u € L} () h-convex and ' € Q.

loc

Given € > 0 such that Q' C Q,, let u. : ' — R denote the regularization of u (restricted
to Q). Then uc o~ : (a,b) — R is convex whenever v : (a,b) — Q' is a segment of an
integral curve of some left invariant, horizontal vector field. In particular, ue : Q' — R is
h-convex if €0 is.

PROOF. Let t1, t2 € (a,b) and t = a1t; + agty, where ag, 0 > 0 with a3 + ag = 1.
Then

ue(’y(altl + Oégtg)) = /B( )ng(h)u (h*lv(altl + agtg)) dHQ(h)

< [ ) (ar (1 (0) + azu () dHO(H
B(e,e)

= aque(y(t1)) + azue(y(t2))-
O

Given an open set Q@ C G and a basis (X1,...,Xg,) of Vi, C3(£2) denotes the set of
continuous functions u : 2 — R whose weak horizontal derivatives X;u (1 <i < d;), and
XiXju (1 <14, < dp) exist and have continuous representatives. In the following, given
u € CEI(Q), X;u and X;X;u always denote the precise representatives.

We now define the symmetrized horizontal Hessian, which plays the same role for h-
convex functions in general stratified groups as does the usual Hessian for convex functions
in Euclidean spaces.

DEFINITION 3.2. Let (X1,...,Xy4,) be an orthonormal basis of V1. Let Q C G be an
h-convex, open subset, u € CH(Q2) and g € Q. The symmetric R-bilinear form

D u(g) : H,G x H,G — R
uniquely determined by the requirements

XiXju(g) + X; Xiu(g)
D ulg) (Xi(9), X;(g)) = =02
is called the symmetrized horizontal Hessian of u at g. (It is easy to check that D% u(g)
is independent of the choice of the basis).

PROPOSITION 3.3. Let 2 be an h-convez, open subset of G and u € CZ(S). Then u is
h-convex in Q if and only if D2H u 1§ positive semidefinite in €.

PROOF. Let Q' € Q and assume u € C°(§).
Suppose first that u oy is convex whenever 7 : (a,b) — Q' is an integral curve of some
X € Vh. Let g € ' and X € V;. Direct computation gives

2
, = Diu(9)(X(9), X(9)),

d
@U(Q exp(tX)) .
whence D% u(g)(X(g), X (g)) > 0. It follows that D? u is positive semidefinite in €.
Suppose conversely that D% u is positive semidefinite in Q'. Let g € @, X € V] and
(a,b) C R such that gexp(tX) € Q' whenever ty € (a,b). Then

2

qelgexptX))| = Dfi u(g exp(toX)) (X (g exp(to X)), X (g exp(toX))) > 0
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for all tg € (a,b) and t — u(gexp(tX)) is a convex function on (a,b).
The full statement follows via regularization of u, using Lemma 1.6 and Lemma 3.2. [

Recall that a function u : £ — R defined on some open subset 2 C G is upper
semicontinuous at g € § if limsup,_,u(h) < u(g). A function ¢ defined on an open
neighbourhood U C Q of g touches u from above at g if ¢(g) = u(g) and ¢ > u in U.

The following notion of convexity in Carnot groups, which is motivated by Proposition
3.3, was introduced by Lu, Manfredi and Stroffolini in [64].

DEFINITION 3.3. Let 2 C G be an open subset and u : 2 — R be upper semicon-
tinuous. w is said to be horizontally convexr in the viscosity sense —v-convex for short— if
D% ¢(g) is positive semidefinite whenever g € Q and ¢ € C%(U) touches u from above at

g.

2. Examples of h-convex sets and h-convex functions

Basic examples of h-affine —in particular h-convex— functions on a stratified group are
given by the following:

LEMMA 3.4. Let G be a Carnot group, ®;_,V; a stratification of its Lie algebra g of
left invariant vector fields and (-,-) an inner product on Vi. Given Y € g, we let (Y);
denote the Vi-component of Y. We have:

(i) Any constant function on G is h-convez.
(ii) The function g +— <X, (exp_l(g))1> s h-conver whenever X € V7.

DEFINITION 3.4. Given a Carnot group G = (Rd, *), we say that a subset C C R?
is E-convez if it is an h-convex subset of the abelian Carnot group (Rd, —I—). Similarly, a

function f : C' — R defined on an E-convex subset of R? is E-convez if it is h-convex in
(R%,+).

LEMMA 3.5. In a stratified group G = (Rd, *) of step at most two, any E-conver set
C C R? is h-convex and any E-convex function u : C — R is h-convex.

PRrROOF. The claim is an immediate consequence of the following fact, which is a
straightforward consequence of formula (1.2), formula (1.8) and the condition on the step
of the group: If v : [a,b] — (Rd, *) is a segment of an integral curve of some left invariant,
horizontal vector field, then v is a segment of an integral curve of a left invariant vector
field on (R?,+). O

The condition on the step of the group in Lemma 3.5 cannot be relaxed. In the Engel
group E = (R4,>k) for instance (compare the second section of the first chapter for a
definition), the function f : E — R given by f(z1,x2,y,2) := z is E-convex but not h-
convex, and its sublevel sets are E-convex but not h-convex. Let us however point out
that the function g : E — R given by g(x1,22,y,2) := (21y)/6 + z is h-convex but not
E-convex. It is left to the reader to verify these assertions.

Notice that if ®;_;V; is a stratification of the Lie algebra g of left invariant vector
fields on G and if W; C Vj is a subspace of dimension d; — 1, then the “hyperplane”
exp (W1 @ (®{_,V;)) is a normal subgroup in G which separates two h-convex, unbounded
open sets. On the other hand, the Carnot—Carathéodory ball in the first Heisenberg group
H = H; (compare §2 of the first chapter or §1 of the second for a definition) is not h-
convex, and since E-convex subsets of a stratified group G = (Rd, *) of step strictly larger
than two are not necessarily h-convex, it is a priori not clear whether there exist h-convex,
bounded open sets with a regular boundary in arbitrary stratified groups. This problem
is settled by the following
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THEOREM 3.6. Let G be a Carnot group. There exists a countable basis of the topology
consisting of h-convex, bounded open sets with smooth boundary.

PROOF. The theorem is a straightforward consequence of Proposition 3.7. U

PROPOSITION 3.7. Let G = (Rd, *) be a Carnot group. There exists a constant rg > 0

such that, whenever 0 < r < ro and v : R — R? is an integral curve of some left invariant,
horizontal vector field on (R, x) which satisfies the initial condition v(0) = x € Bg(0,r),
then there exist exactly one positive time t+ > 0 and one negative time t_ < 0 such that
Y(t4),v(t=) € OBg(0,r). In particular, Bg(0,1) is h-convez.

PROOF. Let b > 1 such that ||[7”(¢)|| < b on [—1,1] whenever v is an integral curve of
some left invariant, horizontal vector field of sub-Riemannian length one, and ~ satisfies
the initial condition (0) € Bg(0,1). Define ry := (V5 —2) /(8b). Fix 0 < r < ry and
z € Bp(0,r). Ifv € R x {0} € RY, |jv]| = 1, then v : R — RL ~(t) := z * §(v)
is the integral curve of the left invariant, horizontal vector field X uniquely determined
by the condition X (0) = Zfll v;0;(0), which satisfies the initial condition v(0) = x. If
7: R4 x RI=4 — R% ig orthogonal projection, then

V@O = lIm(y DI = [z, -5 wa) + Eors o va) ]2 (8 = (21, - 2a)]-
Hence [t| > 2r implies v(t) € Bg(0,r). Now let
ty :=inf{t > 0| ~(¢t) € Bg(0,7)}.

Then 0 < t4 < 2r, y(t+) € 0Bg(0,r), v(t) € Bg(0,r) for 0
the unit outer normal to dBg(0,7) at v(t4), then (7/(¢),n)
~v(t) € Bg(0,7) when t; <t < 2r. We compute

< t4, and if n denotes

<t
> (0. We have to show that

1
In(t)) = me (=t () + =) [ (=9 0= 1)) ds
1
> (e + (=t ()] = 0= 6007 [ 0= 5" 0+ s(e = )| s
> (124 (= 2 [V e)F)* - - 6%

> (17 (6 14)%)2 — (t— 1)

(=) b))
_T+2T++(t—t+)4/0 4(r2+5(t—t+)) ds—(t_t-i-)Qb'

Ift —ty <r/2, then

Iz g CE LT

On the other hand, if ¢ — ¢4 > r/2, then

(t—t4)® (E—t4)* (t—ty)
t0)%b > - - )
bzt 167 g

V@) = (2 + (= t)?)2 — (t— )% > \/257“ —(2r)%b > \/257" B (\[2_ 2)r _

The proof for the negative time t_ < 0 is analogous. U

The intuitive idea behind Proposition 3.7 is that a set which is “sufficiently strongly
E-convex” must be h-convex. Similarly, the intuitive idea behind Proposition 3.8 is that
a function which is “sufficiently strongly E-convex” must be h-convex:
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PROPOSITION 3.8. Let G = (R%, %) be a Carnot group, b and ro = (v/5 —2) /(8b) the
constants appearing in the proof of Proposition 3.7, u € C?*(Bg(0,70)) a uniformly strictly
E-convex function. Suppose that there exist a lower bound A > 0 for the eigenvalues of
D?u in Bg(0,70) and an upper bound 0 < M < +oo for |Vul|| in Bg(0,70). Then there
exists 0 < ry = r1(A\, M) < ro such that

v:Bg(0,r) = R, wv(z):=u (T—Ox)

r
18 h-convex whenever 0 < r < rq.

PRroOF. By Proposition 3.7, Bg(0,r) is h-convex for 0 < r < rg. Let X be a left
invariant, horizontal vector field of sub-Riemannian length one and ~ : [t_,t4] — Bg(0,r)
be a segment of an integral curve of X. We can assume that —1 <t¢_ <t; <1 and that
I (t)]| <bforall t € [t_,ty]. Then, for each t € [t_,t1], we get

(vo)"(t) = (D*u(y(1)Y (£).7' (1) + (Vo(y(£)),7" (1))

= (™ ) (D% (Z9(0) ¥ 0.7/ ®) + 22 (Vu (229(0) (1)
> (%) A O - [vu (2ro)| 1o
> (22~ 2un

From now on, we confine ourselves to the first Heisenberg group
H = Hl = (Rga *) - ({(.’L‘,y,t) ‘ xay7t € R}v *)
(cf. §2 in the first chapter or §1 in the second). Recall that the group operation is given
by
(z,y,8) % (¢ ¢, 1) = (z + 2",y + ¢ t + +2 (ay — a))) .
The differential structure on H is determined by the left invariant vector fields

0 0 0 0 0
X=—+4+2y—, Y=——-22— d T=—.
ar  Vor oy o M ot
If we let V7 := spang{X,Y} and V5 := spang{7T}, then h = Vi @ V4 is a stratification of
the Lie algebra b of left invariant vector fields on H. The dilation dy : H — H induced by
this stratification is given by

n(z,y,t) = ()\9:,)\3/, )\2t) )

We will now construct h-convex functions which have a highly irregular pointwise
behaviour in the vertical direction. Here and in the following, “vertical axis” means t—axis
and “vertical direction” means in the direction of the t—axis. The first step consists in
exhibiting an h-convex function whose restriction to the vertical axis is periodic. As a
starting point, we consider functions of the type

W) = (2 +27) +90) "

where g : R — R is assumed to be twice continuously differentiable and positive, and
try to obtain conditions on g which ensure that the symmetrized horizontal Hessian D%I h
of h is positive semidefinite. Recall that we have defined the symmetrized horizontal
Hessian in the first section of this chapter and that h is h-convex provided D%{ h is positive
semidefinite (cf. Proposition 3.3). Observe that D% h(p) is positive semidefinite at some
p € H if and only if the determinant and the trace of its matrix representation (which
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we denote again D% h(p)) with respect to the basis (X (p), Y (p)) of H,H are non-negative.
After some rather lengthy calculations with partial derivatives, we obtain

tr (DR ) =77 ((1+9") (22 +92)" + (49— 39°/4+ 99") (27 + 1))
and
det (D 1) = 307 (2 +32)" g (1+ 9") = 3 (2 + )" g7/4) .
Consequently, a sufficient condition for tr (D h) > 0 to hold is that
(3.1) 1+4¢">0 and 4g(4+g") > 397,
and a necessary and sufficient condition for det (D h) > 0 to hold is that
(3.2) 49 (1+¢") > 34"

Summing up, we see that the following conditions on g are sufficient to guarantee that
h is h-convex:
(i) g € C*(R), g > 0 on R,
(ii) 14+ ¢” >0 on R and
(iii) 4g (14 g”) > 3¢"* on R.
It is easy to check that the periodic function g : R — R with
sin(t)
2

g(t) =2+ VteR
satisfies these conditions.
In the following, we use the h-convex function h : H — R with
sin(t)
2

1
1
h(z,y,t) = <(l‘2+y2)2+2+ ) V(z,y,t) € H

as building block for our constructions. Here is our first result:

ProOPOSITION 3.9. There exists an h-convex function w : HH — R which is invariant
with respect to rotations that fix the vertical axis and whose restriction to the vertical axis
1s nowhere differentiable.

PRrROOF. The idea is to perform a Weierstrass-type construction as described e.g. in
§1, chapter 11 of [31]. For fixed 1/2 < < 1, choose A > 2 in such a way that
Pt AP
DU e e
where € > 0 is to be specified later. Let

(3.3)

sin (\F¢) \ *
fu(@,y,t) i=h oGy (x,y,t) = (A% (@ +4%)7 +2+ m(2)> -

The function w is defined by the formula
w(z,y,t) =Y A fi(a,y,1).
keN

It follows from the h-convexity of h and from Lemma 3.1 that w is h-convex. In order
to prove that w is nowhere differentiable on the vertical axis, we estimate the modulus
of continuity of w there. The calculation is similar to the one in [31]. Given ¢t € R,
0<7<1/A let N € N such that

AWV <7 o AN
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’w(0,0 t4+7) — w(0,0,t) — A—Nﬁ(fN(o,o,tJrT)—fN(o,o,t))(

N— ')
Z B £(0,0,t +7) = £1(0,0,8) + D ATFPI£(0,0,+ ) — £(0,0,1)]
k=1 k=N+1

_ (Aliﬁ)N ()\,IB)J\H*I
SZ ARONET 4 Z AR < TS=g gt s

=1 k=N-+1
B-1 -B
< ATNP ( A b2 ) < A NBe

=z

1—X6-1 1 - )\6
by (3.3). On the other hand, we have
|fn(0,0,t 4+ 7) — fn(0,0,)] > ¢ |sin ()\N(t + 7)) — sin ()\Nt)}

for some ¢ > 0 not depending on N or t. Since 1 —1/A > 1/2 and \=V+D) < 7 < A=V,
we can find a 7 in this interval such that

|fn (0,0, +7) — fn(0,0,8)| > ¢/10.

Let € := ¢/20. Then, given A~ < § < A~N*! we can choose A~V < 7 < A=V in such
a way that

[w(0,0,t+7) — w(0,0,t)| > ANV > A58 > C6P

with some C' > 0 independent of ¢ and 0. In particular, the derivative of w(0,0,-) does
not exist at any t. O

REMARK 3.2. One can verify that

> A0, fr(,y,1)

keN

is locally uniformly convergent away from the vertical axis. This implies that the function
w(z,y,-) is in CY(R) for any (z,y) # (0,0).

Our second result reads as follows:

THEOREM 3.10.

(i) There exists an h-convez function u : H — R and a set of vertical lines whose
orthogonal projection to the (x,y)-plane is dense in the unit square, such that
the restriction of u to any of these lines is nowhere differentiable.

(ii) For any 0 < s < 1, there exists an h-convex function us and a set of vertical
lines whose orthogonal projection to the (x,y)-plane has positive s-dimensional
Hausdorff measure, such that the restriction of us to any of these lines is nowhere
differentiable.

PROOF. (i) Let w be as in Proposition 3.9. For each k € N, consider the partition of
the closed unit square @ = {(x,y,0) € R? | |z[, |y| < 1/2} in the (z,y)-plane in 22* closed
squares Qg of side length 1/2% each. Let pr; = (wk,yry,0) denote the center of Q.

Clearly
{pk,l {1,...,22k}}

is dense in the unit square. Let g ; : H — R be given by

grei(x,y,t) =cry ||(x — 2,y —ywt)|| V(x,y,t) € H,
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where c;; > 0 is a constant chosen in order to ensure that gy (z,y,t) > Hw o l_pw
when (z,y) € Q and ||(v — k1, ¥ — Yr1)|| > 1/2F+1. Finally define

|w o l_pk,l - gk,l‘ +wo l_pk,l + Gk
5 .

HLOO(Q)

fk‘,l(xv y,t) := sup {w 0 ka,l,gk,l} =

By definition of k.15 fk,l = Gk, in Q \ int (Qk,l)~
Define u by

1 9
z,mzf“”

keN Cht
For fixed K € Nand L € {1,...,22K}, we have

22k
1 Jri (KL, YKL Jry 5UKLayKL,t)
N TOEDS L292k ) + > k222k Z
=1

C C
k<K kil k> K41 =1 kil

For k < K, [ € {1, e ,22k}, l # L, the one-sided derivatives of fi; (zx 1, YK L,") exist
everywhere. The second sum does not depend on ¢, because (2 k.1, Yx, 1., 0) is always outside
of int (Qk,;). Finally, the derivative of fx 1 (zk r,yK,1,-) from the right does not exist
anywhere since fx 1, (T 1, YK,L, -) coincides with w(0, 0, -). This shows that the restriction
of u to {(zk,L,yx,L,t) | t € R} is nowhere differentiable for K € N, L € {1,...,22K}.

(ii) In order to obtain the family of functions {us}o<s<1 appearing in (ii), we proceed in
the following way: We define a Cantor set of positive s-dimensional Hausdorff measure as a
countable intersection of finite unions of closed squares. We then use left translations to the
centers of these squares together with dilations to perform a Weierstrass-type construction
on the whole Cantor set. The argument involves substantially more technicalities than the
one used in the proof of Proposition 3.9. Let us indicate the main steps:
Let 0 <s<1,a:=s/2and a+1/2 < f < 1. Choose A > 2 in such a way that
(i) A*?2 € N and
(i) M7/ (1=M") 4 AxF/(1-17P) <1073
Suppose that for k& € N we have \** pairwise disjoint closed squares Q1 of side length
A"F/2 each, distributed in the unit square. For fixed 1 < I < A%, distribute A% closed
squares Qp41,, of side length A~ (1/2 each, in Q- Clearly, when A is sufficiently big,
this can be done in such a way that the squares with the same centers as the Q41,» and
twice their side length are pairwise disjoint. Write

>\k’o¢
Cro=J Qs and C:=[)Cs
=1 keN

Using standard arguments (cf. §12 in the fourth chapter of [67]), one can prove that the
s-dimensional Hausdorff measure of C is positive and finite.
Let pr; = (k1 Yk, 0) denote the center of each of the squares Q. Let

F(@,9,) = max { (II(M)H“ toq Sm“)) e \(x,yw} ,

2

fk,l(xyyvt) = f o 6)\k/2 o l—pk,l (l‘,y,t)

Here ¢ > 0 is chosen in order to ensure that
1

sin ()\k (t+2zp,1y — Qxyk,l)) ) )

Jeg(x,y,t) = <)\2k||(9U—$k,z,y—yk,l)||4+2+ 5



2. Examples of h-convex sets and h-convex functions 31

in Q,; and

Fea(@,y, t) = X ¢ |[(x = zpp,y — yed) |
outside of the square of side length 2A\7%/2 with center pj;. We can take ¢ = (7/2)i for
instance. Thus f;(z,y,t) = Ne/2 ¢ ||(z — Tk, Y — Ykp)|| on Qpp for I # 1 by choice of the
Q.-

The function ug is defined by the formula

)\k:a
($ ya . ZZ)\ kl@fk’l$ya)
keN [=1

We show that for a given p = (z,y,0) € C, the restriction of us; to the vertical line
{(z,y,t) | t € R} is nowhere differentiable: Givent € R, p = (z,y,0) € Cand 0 < 7 < 1/,
let N € N such that

ATWHD < 7 < AN,

Then
)\Noz

(:U y7t+T) _us z ?/, ZA le x y7t+7—) fN,l(xay>t))

N—1 \ke
< )‘_kﬁ’fk,l(wayvt_‘_T)_fk,l(x7y7t)|+
k=1 I=1
00 )\ka
ST A eyt + 1) = frala,y,t)].
k=N+1 I=1

Notice now that for fixed k € N, by construction,

|fk7l(x7y>t+7-) - fk:,l('rvyvtﬂ 7& 0

precisely for one [ € {1, . ,)\ko‘}. A calculation shows that this expression is bounded by
1 for k > N + 1 while for 1 < k < N — 1 we obtain the bound A*7 from the mean value
theorem. It follows that

)\N&

us(mayvt—i_T) - U,S(.Z',y,t) - Z AiNB (fk,l($7y7t+T) - fk,l(xayvt))
=1

=

-1 0o _g\N _g\N+1
- - M) ()
<) oA YA ’“ﬁgfﬂfﬁ71+ = <

=1 k=N-+1
A1 -8
AP < A + A ) <A NB1p—3

1-M-1  1-)\F
by choice of A. Finally, we have

)\NQ
Z AiNﬁ (fN,l($7y7t + T) - fN,l(:r7y7t)) = AiN/B (fN,L(xu Y, t+ 7-) - fN,L(xayvt))
=1

for some L € {1, cen )\Na}, and a computation gives the estimate

)‘_Nﬁ |fN,L(a7>y7t + 7_) - fN7L(33,y,t)|

- A~NB ‘(sin (A ((t+7)+ 22Ny — 2zynz)) —sin (AN (t+ 22y 0y — 23:yN,L)))}
> 39 .
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Since 1 — 1/A > 1/2 and A~V+Y) < 7 < A=V we can find a 7 in this interval so that

sin ()\N ((t+7)+ 22Ny — 2xyN7L)) — sin ()\N (t+2zN,Ly — Q:UyNL)) > o0
This yields

)\Na

Z)\ (fnva(@, y,t +7) = fya(e,y,t) > 21072 A7N0,

Hence, given A\~ N S 6 < AN*1 we can choose A=Vt < 7 < A=V in such a way that
us(z, y, t + 7) — us(z,y,t)| > 1073 AN > 1073 X\ 7P P,
In particular, the derivative of us(x,y,-) does not exist at any t. O
3. Equivalence of h-convexity and v-convexity

We start with three preparatory lemmata that will be used in the proofs of Proposition
3.14 and Theorem 3.15.

LEMMA 3.11. Let I C R be an open interval, let u : I — R satisfy

" <x1 + x2> < u(xy) + u(xe)

5 5 Vxy,20 €1,

and suppose that xg € I is a point of upper semicontinuity for w. Then xg is a point of

continuity for u.

PROOF. Suppose not. Then there exists ¢ > 0 and a sequence {z,}nen such that
lzg — xn| | 0 as n — oo and u(x,) + € < u(zg) for all n € N. Choose § > 0 such that
|zg — x| < & implies u(z) < u(xg) + €/2. Let N € N with |zg — zn| < §. Then

. (xN + (220 — xN)> _ ulzy) +u(2e0 — o)

2 - 2
< u(x) — € N u(zo) +€/2
- 2 2
= u(xg) —€/4
< U(.%'Q),
a contradiction. O

LEMMA 3.12. Let I C R be an open interval. Suppose that u : I — R is upper
semicontinuous and that

y (xl + xz) < u(zy) ;ru(xz)

5 V:cl,a;gef.

Then u s convez on I.

PrOOF. We have to show that
(3.4) u((I =Ny 4+ Aze) < (1 — Nu(xy) + Mu(ze) Va,zeel VAe[0,1].
By induction, we show that
(3.5) u((1 =Nz 4+ Axg) < (1 — Nu(zr) + Mu(ze) Va,ze el VA€ Ag
holds for all K € N, where

K
Ag = {Z ak2_k
k=1

This will imply (3.4) and conclude the proof, since A := (Jy oy Ax is dense in [0,1] and u
is continuous by Lemma 3.11.

.,aKE{O,l}} VK € N.
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If K =1and A\g =0, then
u((1 = Ag)z1 + Agxa) = u(zy) = (1 — Ag)u(z1) + Agu(xs).

If K =1 and Ag = 1/2, then

x1 + w2> < u(z1) + u(xe)
- 2

5 = (1 = Ag)u(z1) + Agu(xs).
Suppose that (3.5) holds for some K € N. Let 21, 9 € I and A = ijll ap27*. If ay = 0,
then A = A\ /2 for some A\ € Ax and

2-A A 1—\ A
(I =Nz + Azg = ( 2K)ZC1 n 1(2332 _ + (( 12()1’1 + Kiz)_

Hence, by hypothesis and by inductive assumption,
1+ ((1 — )\K)JJl + /\K.’L‘Q)
2
u(zy) +u((1 — Ag)x1 + Agz2)
2

< u(z1) + (1 = Ag)u(zr) + Agu(xs))
- 2
= (1= XNu(z1) + Au(z2).

If ap =1, then A = (Ag + 1)/2 for some A\g € Ax and

1A A 1A A
(1= Nar + Az = ¢ 2K)x1+ K2x2+x22:(( K)a:l; KT2) T2

Thus, by hypothesis and by inductive assumption,

u((I =Nz + Azg) =u <((1 — Ak)z1 ;— AK2) + x2>

< u((l — )\K)xl + )\K.’Eg) + u(xg)

- 2

(1 — Ag)u(zr) + Agu(z2)) + u(zs)
2

= (1 = Nu(x1) + Au(zz).

u((1 = Ag)x1 + Agx2) =u (

u((1 =Nz + Az2) =u <

<

<

O

We will now show that h-convex, upper semicontinuous functions are v-convex. We
start by proving a Taylor expansion formula of second order with integral remainder for
the horizontal directions:

LEMMA 3.13. Let ¢ € C%I(Q), where ) is an open subset of the stratified group G,
geQ, X eVi. Then

1
(3.6) p(gexp(tX)) = ¢(g) + Xep(g) -t +/O (1~ 5) D o(h(s)) (X (h(s)), X (h(s))) ds - t*
for all t in some neighbourhood of 0, where h(s) = gexp(stX) for all s € [0,1].

PROOF. Assume first that ¢ € C°°(U) where U C Q is an open neighbourhood of g.
Then (3.6) follows by direct computation from the Taylor formula with integral remainder
for smooth, real valued functions of a real variable. In the general case, the claim follows
via regularization from the above observation together with Lemma 1.6. O

Notice that we have to assume upper semicontinuity in the proposition below, since it
is a priori not clear whether h-convex functions are continuous. We discuss the first order
regularity of h-convex functions in chapters four and six.
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PROPOSITION 3.14. Let Q C G be an h-convex, open subset. Suppose that u : Q@ — R
s h-convex and upper semicontinuous. Then u is v-convez.

PROOF. Let g € Q. Assume that ¢ € C3(U), where U C © is an open neighbourhood
of g in €2, touches u from above at g. We have to show that

Dii ¢(9)(X(9), X(g)) > 0
whenever X € Vi. By Lemma 3.13, we have

1
p(gexp(tX)) = ¢(g) + X¢(g) - t +/0 (1~ 5) D (h(s)) (X (h(s)), X (h(s))) ds - t*
for all ¢ in a neighbourhood of 0. Thus

@(gexp(—tX)) + p(gexp(tX))
2

for all sufficiently small ¢ > 0, where

1
=wm+Au—@um@+&@»@¢2

Ri(s) = 5 D (g exp(—stX)) (X (gexp(—stX)), X (gexp(~stX))) Vs € [0,1]

and
Ry(s) = %D?{ ¢(gexp(stX)) (X (gexp(stX)), X(gexp(stX))) Vs e [0,1].

Since

u(gexp(—tX)) +ulgexp(tX)) _ ¢(gexp(—tX)) + ¢(gexp(tX))
2 - 2 ’

for all sufficiently small ¢ > 0, we obtain

p(g9) =u(g) <

1
/ (1 s) (Ru(s) + Ra(s)) ds - 2> 0
0
for all sufficiently small ¢ > 0. The desired result follows. O

The proof of the converse implication (v-convex implies h-convex) is substantially more

difficult:

THEOREM 3.15. Let Q C G be an h-convex, open subset and u : Q@ — R upper semi-
continuous. Suppose that D% ©(go) is positive semidefinite whenever gy € Q, U is an open
neighbourhood of gy in Q and ¢ € C°(U) touches u from above at go. Then u is h-convez.
In particular, if u is v-convex, then u is h-convex.

PROOF. Assume by contradiction that there exist g € Q and X € V7 \ {0} such that

u(gexp(—tX)) + u(gexp(tX
u(g) > (g exp( ))2 (g exp(tX))
for some ¢t > 0 (cf. Lemma 3.12). We have to exhibit a smooth function ¢, defined on
an open neighbourhood U of some gy € §2, which touches u from above at gy and whose
symmetrized horizontal Hessian at gg is not positive semidefinite.

After a left translation and a dilation, we can assume that ¢ = e, t =1 and
{exp(tX) |t € [-1,1]} CU € Q.
By adding a v-convex function of the form
g a(X, (exp~(9)),) + 8

(cf. Lemma 3.1, Lemma 3.4 and Proposition 3.14) with suitably chosen «, 8 € R to u
and multiplying the sum with some appropriate v > 0, we can also assume u(e) = 0,
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u(exp(—X)) < —2 and u(exp(X)) < —2. Since U is compact and u is upper semicontinu-
ous, u attains a maximum M on U. Let {X;;}, ., 1<j<a; Pe an adapted basis of g such
that X711 = X. For a > 0, ¢ > 0, consider the fuﬁcitionig;a ¢ : G — R defined by

s d;
Cac |exp | DD wiXij| | =a—ai,+ Z L+ Z Z 62 P m

i=1 j=1 i=2 j=1
We let
s d; d1 $2 s d; I2
e Y. L.J
D, =< exp Z;z;mme Z; 2 —i—Z;Z; e z+1) <M+2 |11 <1
=1 3= 1= 1=2 )=

Observe that there exists €y > 0 such that D, C U when 0 < € < ¢.

Let us first show that ¢, . fails to be positive semidefinite everywhere in D, whenever
a > 0 and ¢ is sufficiently small: Given 0 < € < ¢y and

s d;
g = exp ZZ%JXM e D,

=1 j—=1
we have
Df; @a,e(9)(X, X) = Df; pa,e(9) (X1,1, X1,1)

d2
= @‘Pa,e exXp szlj 1,5 75)(1 l) s

=1 j=1 t=0
where x is given by (1.2). We have
Z Z i Xig | * (tX1) =
i=1 j=1
d1 s d;
(@i + 1) X1+ Y w1 X+ > (i + Pij(t) Xy,
=2 i=2 j=1

where P; ; is a polynomial in ¢ whose coefficients are bounded by a constant (which does
not depend on €) times 2(6=142) Tt follows immediately that there exists 0 < ¢; < g such
that 0 < € < €1 and a > 0 implies

DH(PCLE( )(X,X) S -1 Vg € De'

Let us now show that there exists 0 < €5 < €7 such that
Paer(9) > ulg) Vg € ODe,
whenever a > 0. We divide 0D, in two parts:

dy 72 s d; 2

s d;
01D, := { exp szi’in’j Z % + Z ﬁ <M +2, ]xl\ =1
i=1 j=1 =2 i=2 j=1
and
s d; di 22 . s d; 72
0D, = exp szi’in’j Z%—I— 276 (slz+1) =M + 2, ’£E1| <1
i=1 j=1 j=2 i=2 j—=1

Note that exp (—X1.1), exp (X1,1) € 01D¢, @a,e > a—1> —1 on 01D, independently of €
and a, while u (exp (—X1,1)) < —2 and u (exp (X1,1)) < —2. By upper semicontinuity of
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u, we have ¢, > u on 01D, when € is sufficiently small, independently of a. On the other
hand, on 02D, we have

s d; s d;
Pa,e szi’in’j :a—x%71+M—i—2>a+M—i—12M—i—12u Zin7in’j +1,
i—1 j—1 i=1j=1
independently of a.

Let us now observe that ¢g,(e) = u(e) = 0, while ¢4, > u on D, if a > M + 1.
Define _
ap := inf {a >0 ‘ ‘Pa,e2(g) > u(Q) Vg € De2} > 0.
Then @aq.e,(g) > u(g) for all g € De,, and ¢a,.¢,(g0) = u(go) for some gy € D, by upper
semicontinuity of u. Since g, e, > u on the boundary of D,,, it follows that g9 € D,. U



CHAPTER 4

First order regularity of h-convex functions in step two

In this chapter, we begin our investigation of the first order regularity of h-convex
functions. In the first section, we show that h-convex functions which are locally bounded
above are locally Lipschitz continuous with respect to an intrinsic metric. In the second
section, we introduce a sufficient geometric condition —h-convex finiteness— for the local
upper boundedness of h-convex functions on Carnot groups which satisfy this condition.
We prove that any Carnot group of step at most two is finitely h-convex. Eventually, in
the third section, we show that the Engel group (compare §2 of the first chapter for a
definition) is not finitely h-convex. The existence of a stratified group of step three which
is not finitely h-convex shows that a new strategy is needed in order to obtain first order
regularity for h-convex functions on general stratified groups. We will address this issue
again in the first section of chapter six.

1. Local Lipschitz continuity of bounded h-convex functions

Let G be a Carnot group, ©;_,V; a stratification of its Lie algebra g of left invariant
vector fields, p the sub-Riemannian distance induced by an inner product (-,-) on V; and
) C G an h-convex, open subset.

We start by proving that an h-convex function which is locally bounded above is also
locally bounded below.

LEMMA 4.1. Letu : Q — R be h-convex. Suppose that u is locally bounded above. Then
u s locally bounded below.

PROOF. Let go € €2 and r > 0 such that B(go,4r) € Q and u is bounded above in
B(go,4r), say u < M in B(go, 4r) for some M > 0. We claim that there exist [ = [(G) € N
and n = n(G) € N such that g1 € B(go,r) and u(g1) < —4"m implies v < —m in
B(g1,7/(l-n)) for all m > 2M. Notice that this gives the lemma since then, on the one
hand,

H({g € B(go, 4r) | u(g) > —m}) < H?(B(go,4r)) — H*(B(g1,7/(l - n))),
while, on the other hand,
H({g € B(go, 4r) | u(g) > —m}) > H?(B(go, 4r)) — H?(B(g1,7/(1- 1))

when m is sufficiently large (cf. Theorem 2 in the first section of the first chapter of [30]).
This contradiction forces u > —4™m in B(go,r) for sufficiently large m.

Let v : R — G be an integral curve of some left invariant, horizontal vector field of sub-
Riemannian length one, and suppose that ~ satisfies the initial condition v(0) € B(go, 27).
Define

t_:=max{t <0|~(t) € 90B(go,4r)}
and
ty :=min{t > 0| ~v(t) € 0B(go,4r)}.

We have t_ > —6r and t4 < 6r. Let t € [t_,t4] such that v(¢) € B(go,2r). If ¢ > 0, then
t=(1— )0+ Aty with A < 2. Suppose that u(y(0)) < —47"!m. Then the convexity of

37
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uory:[t_,ty] — G implies

U2 (0) < (1= Vu(r(0) + ar(t) <~ + 30 < (= 4 27 ) aim <~
Similarly, u(y(t)) < —49m if t < 0 and u(7(0)) < —47Tim,

This shows that if S C B(go, 2r) is a segment of an integral curve of some left invariant,
horizontal vector field and if u(g;) < —47*1m for some g; € S, then v < —4/m on the whole
segment (j € NU {0}, m > 2M). By Proposition 1.2, there exist constants | = [(G) € N
and n = n(G) € N with the following property: Any pair of points g1, g2 € G can be
connected by a path consisting of at most n segments of integral curves of left invariant,
horizontal vector fields, such that each segment has length at most [ - p(g1, g2). Thus, if
g1 € B(go,r) and u(g1) < —4"m, then u(g) < —m for each g € B(g1,7/(l - n)). O

REMARK 4.1. Note that if u is integrable on B(go, 4r), then

(4.1)  u(g) > —4"max{2M, <4l-n>% ( 4)|u<g)\dHQ(g>} Vg1 € B(go, 7).
go,4r

Otherwise u(g1) < —4™m for some g; € B(go,r) and some

m > max {2M7 (41 - ”)Q]{B( [u(g)] dHQ(Q)} ,

90747‘)
whence u < —m on B(g1,7/(l-n)) by the proof of Lemma 4.1, whence
m
u(g)|dH%(g) > ———,
foo 10110 2

a contradiction. We will need the explicit lower bound (4.1) in our proof of the L>°-L!
estimates (Theorem 6.2).

We now state and prove the main result of this section:

PROPOSITION 4.2. Let u: 2 — R be h-convex. Suppose that u is locally bounded. Then
u s locally Lipschitz continuous with respect to p.

PROOF. Let go € Q and r > 0 such that B(go,2r) €  and u is bounded in B(go, 2r),
say |u] < M in B(go,2r) for some M > 0. Let v : R — G be an integral curve of some
left invariant, horizontal vector field of sub-Riemannian length one, and suppose that
satisfies the initial condition v(0) € B(go,r). Define

t_ :=max{t <0|~(t) € 9B(go,2r)}
and
ty :=min{t > 0| ~(t) € 0B(go,2r)}.

We have 2r <ty —t_ <d4r, and if ¢t € [t_,ty] and (¢) € B(go,r), then t —¢t_ > r and
ty —t>r. Hence t = (1 — \)t_ + \t; where \ € [1/4,3/4]. Now let t1,t3 € [t—,t4] such
that t; <ty and v(t1),7v(t2) € B(go,r). Then

t1 = (1 — )\1)t_ + )\1t+ and t9 = (1 — )\Q)t_ + Agt_;,_,
where A\, A2 € [1/4,3/4] and A1 < A2. Thus

_ 1 _
= A2 =M t_ + &tg and t9 = )\2t1 + A2 =M

t to.
! Ao Ao 1— N 1—N
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The convexity of wo~: [t_,t;] — R implies

u(y(h)) = u(y(tz)) < A? —M A= Ao

u(y(t-)) + N u(7y(t2))

_ply ( 1),7(t2)) p(v(t1),v(t2))
—77——f§mwnw—7giji§wwm>
<7p(( 1),7(t2))
and
)\1—)\2 >\2_)\1

u(r(t2)) = u(y(0)) € T 2ulr(0)) + FLrur ()

_ p(’Y(tl)vpy(tQ)) u(’y(tl))+ p(’Y(tl)a’Y(h)) u(’}/(t+))

We have shown that

8M
(4.2) [ulgr) —ulg)l = == plo1,92) Vg1,92 €5

whenever S C B(go,r) is a segment of an integral curve of some left invariant vector
field. By Proposition 1.2, there exist constants { = I(G) € N and n = n(G) € N with the
following property: Any pair of points g1, g2 € G can be connected by a path consisting of
at most n segments of integral curves of left invariant, horizontal vector fields, such that
each segment has length at most I p(g1, g2). In particular, (4.2) gives

&M -l-n

(4.3) [u(gr) —ulg2)l < ————-p(91.92) V1,92 € B(go,7/(2L-n+1)).

2. Boundedness of h-convex functions in step two

LEMMA 4.3. Let G be a stratified group. Suppose there exists a finite subset F' C G
whose h-convex closure C(F') has non-empty interior. Then any h-convex function defined
on an h-convez, open subset of G is locally bounded above.

PRrROOF. Let I denote the set of integral curves v : R — G of left invariant, horizontal
vector fields on G. Given A C G we let

H(A) :={y(t) [y €T, t €[0,1], 7(0),~(1) € A},

Clearly, C(A) = H*(A), [4(H(A)) = H(l4(A)) for all g € G, dx(H(A)) = H(61(A)) for all
A > 0, and H(A) is compact if A is.

The compactness property of the operator H and the theorem of Baire imply that
H*(F) has non-empty interior for some k = k(G) € N. Since H ~and thus H*- commutes
with left translations and dilations, it follows that if  C G is any h-convex, open subset,
then for each gg € €2 there exists a finite subset F'(go) C €2 such that gg is contained in the
interior of H¥(F(gg)). Finally, if u : Q — R is h-convex, then u < max{u(g) | g € F(go)}
in H/(F(go)) for all 1 < j < k by induction, using the convexity of uw o~ for v € I'. In
particular, u < max{u(g) | g € F(go)} in the interior of H*(F(go)). O



40 CHAPTER 4: First order regularity of h-convex functions in step two

Lemma 4.3, Lemma 4.1 and Proposition 4.2 motivate the following

DEFINITION 4.1. We say that a Carnot group G is finitely h-convez if it contains a
finite subset F' C G whose h-convex closure C(F') has non-empty interior.

LEMMA 4.4. Let G be a Carnot group of step two and let (X1,...,Xq,,Y1,...,Y4,)
be a basis of the Lie algebra g of left invariant vector fields on G adapted to the given
stratification g = V1 ® Vo. We identify G with (]Rd, *) = (Rdl x R, *) in the usual way
with respect to this basis. Suppose that for some 2 < k < dy, the following hypotheses are
verified:

(i) The Lie subalgebra generated by X1, ..., X} is contained in
spanp{X1,..., Xi} @ spang{Y1,..., Y}
(ii) There exists a finite set Ay C R% x R% and a constant Ko > 0 such that the set
By consisting of pairs (0,y) € R x R% with |y;| < Ko for 1 < j <l and y; =0
forl+1 < j <ds is contained in C (Ap).
Then there exists a finite set Ay C R4 x R% gnd a constant Ky > 0 such that the set
By, consisting of pairs (x,y) € R® x R with |z;] < Kj, for 1 < i < k, ; = 0 for
k+1<i<d, |yj| <Ky forl1<j<landy; =0 forl+1<j <dyis contained in
C (Ag).
PROOF. Let K1 := Ky and g := (x,0) with 21 := Kj and x; = 0 for 2 < i < dy. Define
Ay :=1_4(Ap) Uly (Ap). By assumption,
l—g(Bo) € l-g(C(Ao)) =C(l—g(Ao)) and I4(Bo) Cly(C(Ag)) =C(ly(Ao)),
whence
I—g(Bo) Ulg(Bo) € C(I—g (Ao)) UC (I (An)) € C(I—g (Ao) Ulg (Ap)) =C(A1).
For fixed y1,...,y € R with |y;| < K,

S={@0,...,0,y1,...,9,0,...,0) % 0x(g9) | A € [-1,1]}
= {()\,O,...,O,yl,...,yl,O,...,O) | AE [—Kl,Kl]}
is a segment of an integral curve of a left invariant, horizontal vector field, and the
endpoints of S are contained in I_4(By) U l4(Bp). Thus the set B; consisting of pairs
(z,y) € RY" x R with 1| < Ky, 7, = 0 for 2 < i < dy, |y;| < Ky for 1 < j <[ and
yj =0for I +1 < j < d; is contained in C (Ay).

Let 1 <k < k and suppose that there exist a finite set A; C G and a constant K > 0
such that the set By consisting of pairs (z,y) € R® x R% with |z;| < Kj for 1 <i < k,
2, =0fork+1<i<d, ly;| < Kj for 1 < j <landy; =0forl+1 < j < dy is contained
in CN(A];). Let 0 < e < Kj and g := (2,0) with rj =¢€and z; =0 for 1 <i <d; and
i #k+1. Define A; =14 (A’;_) Uly (AIE) By inductive hypothesis,

Lg (B) Slg(C(Ap)) =C (1 (A)) and 1y (B) Sl (C(Az)) =C (g (45))
whence

L (Bg) Ul (Br) € C (19 (A43)) UC (I (AF)) S C (g (A) Uly (A7) = C (Apsa) -
Let
h= (wl,...,xl},o,...,O,yl,...,yl,O,...,O) S Bl;‘
In view of hypothesis (i), we have
(—g)*h= (xl,...,m%,—e,O,...,O,yl,...,yl,O,...,O) —R(ml,...,x%,e)
and
gxh = (xl,...,a:,;,e,O,...,O,yl,...,yl,O,...,O) —|—R(:L'1,...,ac]~€,e),
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where the first d; and last ds — [ coordinates of R (wl, Cy TR e) vanish, and
HR(.CCl,.. . 7‘7:1%’6)}' < ﬂngE

for some constant 5 = 3(G). Hence if we choose € small enough, the pairs (z, y) € R4 xR
with |z;| < Kj for 1 < i <k, T = —¢ x;=0for k+1<i<d, ly;| < Kj /2 for
1<j<landy; =0forl+ 1< j < dy are contained in [_, (B,;) Similarly, the pairs
(,y) € RN x R® with |z;| < Kj for 1 <i <k, aj, =€ 2 =0for k+1<i<d,
lyj| < Ki/2for 1 < j <landy; =0forl+1<j<dyare contained in [, (B,;;) For fixed

h= (:El,...,x,;,(),...,O,yl,...,yl,O,...,O)
with |2;| <nfor 1 <i <k and lyj| < Kj/4for 1 <5 <1,
S ={hxdr(g) | A e [-1,1]}

is a segment of an integral curve of a left invariant, horizontal vector field. In view of
hypothesis (i), we have

hxdx(g) = (:vl,...,:c,;,)\e,O,...,O,yl,...,y1707...,0) —I—R(:cl,...,a:,;,)\),
where the first d; and last do — [ coordinates of R (:cl, Cy T )\) vanish, and

HR(:cl,...,x,;,)\)H < fBne.

Hence, if 7 is sufficiently small, the endpoints of S are contained in [_, (B,;) Uly (ch)’
whence S C C (A/;C +1)’ and the union of such segments contains the set consisting of pairs
(z,y) € R x R% with

(i) |z <nfor1<i<k,

(ii) ‘xicﬂ‘ < &

(iii) xi:Ofork—i-QSigdl,

(iv) |yl <mfor 1 <j <l and

(v) yy=0for I +1<j <ds.
Thus if K, = min{n, e}, then the set B;_ ;| consisting of pairs (z,y) € R4 x R with

(i) foi] < Kjy, for 1 <i<k+1,
(ii) &y =0 for k+2 <1i <dj,
(i) |y;| < Kjyq for 1 <j <l and
(iV) ijOfOI‘l-i-lSdeg

is contained in C (A/;€ +1). This concludes the induction step and the proof. O
THEOREM 4.5. Let G be a stratified group of step two. Then G is finitely h-convez.

PRrooOF. Let g = V] ® V5 be the given stratification of the Lie algebra of left invariant
vector fields on G. Let (Xi,...,X4,) be a basis of V; such that [X;, Xs] # 0. Set [; := 0.
Clearly, we can find a basis (Y1,...,Yy,) of V5 with the following properties:

(i) There exist integers 1 =1lp < ... <4, = do such that (Y7,...,Y],) is a basis of
spang{[X;, X;] | 1 <i,5 < k} for each 2 < k < d;.
(i) f2 <k <dy, ly—1 <l and ly_1 < j <l, thereis i; € {1,...,k — 1} such that
[kaXij] = E/j, and lp_1 < j1 < jo <l implies ijl < Z'j2.
We identify G with (Rd, a,st) = (Rdl x R, *) in the usual way with respect to the basis
(X1,...,X4,,Y1,...,Yy,). We claim that for each 2 < k < d; there exists a finite set
F, C R% x R?% and a constant kj > 0 such that the set

{(O,y)GRdlde2Hyjlgffkforlgjglk, yj:Oforlk—i—lSdeg}
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is contained in C (Fy). The theorem then follows from the claim in the case k = d; via
Lemma 4.4.

Let kK =2, ko := 1. The sets
S1={(-2,0,...,0) % (0,A,0,...,0) | A e [-1,1]}
and
Sy ={(2,0,...,0)%(0,,0,...,0) | A€ [-1,1]}

are segments of integral curves of left invariant, horizontal vector fields which are contained
in the h-convex closure of

Fy = {g1, g2, g3, 94},
where
g1 =(—2,0,...,0)*(0,-1,0,...,0), g2=(-2,0,...,0)%(0,1,0,...,0),
g5 =1(2,0,...,0) % (0,—1,0,...,0), ga=(2,0,...,0)%(0,1,0,...,0).
For each y; € R with |y1| < ko,
S={(0,...,0,41,0,...,0) %« 5x(2,91,0,...,0) | A € [-1,1]}
={(A\2,Ay1,0,...,0,91,0,...,0) | A € [-1,1]}
is a segment of an integral curve of a left invariant, horizontal vector field, and the end-
points of S are contained in S;USy C C (Fy). Thus S C C (Fy). Since (0,...,0,41,0,...,0)
belongs to .5, it follows that the set
{(07"‘707y1707"'70) | |y1’ S KQ}
is contained in C (F3), which verifies the claim in the case k = 2.

Let 2 < k < dy. Suppose that there exists a finite set F, C G and a constant x; > 0
such that the set

{(O,y)ERdlde2Hyj\gnkforlgjglk, yj:Oforlk+1§j§d2}

is contained in C (Fy). If l[g41 = I, the claim is also verified for k£ + 1 and there is nothing
to show. Assume therefore A := l;41 — I > 0. By choice of Y7,...,Yy,, there exist
1 <i; <...<ia <k such that [Xij,XkH] =Y, 4; for 1 <j < A. In view of Lemma
4.4, there exists a finite set A;, C R x R% and a constant 0 < K}, < kj, such that the set
B consisting of the pairs (z,y) € R4 x R% with
(i) ‘.’L‘Z| < K for i € {il, - ,iA},

(11) xz;=0forie {1,...,d1}\{i1,...,iA},

(i) |y;] < Ky for 1 < j <1} and

(iv) yj=0for [ +1 < j < d
is contained in C (Ag). Let kiiq := Kg, g = (0,...,0,2541,0,...,0) with 2541 = 2 and
define Fj11 :=1_4 (Ar) Uly (Ag). Then [_4(B) Uly(B) is contained in

lg (C (Ap)) U ly (C(Ar)) =C (lfg (Ag))uc (lg (Ag)) €C (Lg (Ag) U ly (Ak)) = C(Fiot1)-

Notice that the set I_,(B) consists of the pairs (z,y) € R x R% with

(1) |xz| < R4 fori € {ila s 7iA}7
(i) Zpe1 = —2,
(11 :ITZ':OfOI"L'G{1,...,d1}\{il,...,iA,kZ—Fl},

)
iii)
(iv) |y;] < Fggr for 1 <5 <,
(v) yj = —xj; for [ +1 < j < lpyq and
(vi) yj =0 for l41 +1 < j < ds.
Similarly, the set [4(B) consists of the pairs (z,y) € R% x R% with
(i) ‘xz’ < Kk41 for i € {il, . ,iA},
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(i) @pir = 2,
(ifi) @, = 0 fori € {1,...,di} \ {i1,...,in, Kk + 1},
(iv) |y;] < Frgr for 1< j <,
(v) yj = x;; for I +1 < j <lpy1 and
(vi) yj =0 for l41 +1 < j < do.
For j =1,...,lk+1, fix y; € R with |y;| < kgq1. The set
S={0,...,0,y1,- - Ypy1,0,...,0) % Ox(21,...,24,,0,...,0) | X € [-1,1]}
= {()‘xlv'--v)\l‘dpyla--'7ylk+1707""0) | A€ [_171]}a

where x; = y; if i = i; for some Iy +1 < j < lpy1, 2p41 = 2 and ; = 0 otherwise, is a
segment of an integral curve of a left invariant, horizontal vector field, and the endpoints
of S belong to [_4(B) Uly(B). Thus S C C (Fj41). Since (0, RN L T P 7/ AN | R ,O)
belongs to .S, the set

{(073/) e RN x R® |1yl < fkg1, 1< <lpgr, 5 =0, lppr +1 <5 < d2}
is contained in C (Fjy1). This concludes the induction step and the proof. U

The main result of this chapter is an immediate consequence of Theorem 4.5, Lemma
4.3, Lemma 4.1 and Proposition 4.2:

THEOREM 4.6. If G is a stratified group of step two and 2 C G is an h-conver, open
subset, then every h-convex function u : 2 — R is locally Lipschitz continuous with respect
to an intrinsic metric on G.

3. The Engel group is not finitely h-convex
We have introduced the Engel group
E= (R4,*) = ({(z1, 22,9y, 2) | x1,22,y,2 € R}, %)
in §2 of the first chapter. Recall that the group law is given by the formula
(z1,22,y,2) * (21, 25,9 ,72) = (x1 + 2], m0+ by + ¢, 2+ 2) + P
for all (z1,22,y, 2), (z],2h,y,2") € RY, where

P (0 o, (T17h — w21y) (21y' —yay) | (21— ay) (o) — wzxﬁ))
T 2 ’ 2 12 '

If X1, X5, Y, Z denote the left invariant vector fields uniquely determined by the conditions
X1(0) = 95, (0), X2(0) = 9, (0), Y(0) = 9,(0), 2(0) = 9.(0),
then
spanp{ X1, X2} @ spang{Y '} & spang {7}
is a stratification of the Lie algebra of left invariant vector fields on E. Notice that
v :R —RY ~(t) = g * (tzy, trs, 0,0)
is the integral curve of the left invariant, horizontal vector field X = x1.X] + 9 X5 which

passes through g € R* at time 0.

LEMMA 4.7. Let I'1, Iy be integral curves of left invariant, horizontal vector fields on
(R*,%). Define My := ((JT) \ I'1, where the union is taken over all integral curves of left
mwvariant, horizontal vector fields which intersect I'y. If I's has more than two distinct
intersections with My, then 'y intersects I'1. Consequently card (I'o N (M7 UT)) < 2 if
1Ny =0.
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PRrROOF. Notice first that by left translation, it suffices to prove the statement in the
case where I'; passes through 0. We will only consider the case I'y = {(u, ap,0,0) | p € R}
for some a € R. The computations in the case I'y = {(0, 4,0,0) | u € R} are similar (but
easier). We have

(/’Laau7070) * (1'1,.%'2,0,0) = (,U, + Ty, + o, ,LL(J:Q ; axl)a ('LL — le),ul(;? — al‘l))
= (u,v,w,f(U,v,w)),

with u = p+ z1, v = ap + x9, w = p(xe — ax1)/2. A short computation gives

IR
6 \v—au

Let (x1,z2,y,2) € R* and suppose that I'y passes through (x1,2,y,2). As above, we
will only consider the case I'y = {(x1, z2,y, 2) * (A, B\, 0,0) | A € R} for some § € R. The
computations in the case I'y = {(x1,z2,y,2) * (0,A,0,0) | A\ € R} are again similar and
easier. We have

FQ = {(901733272!72) * ()\,ﬂ)\,0,0) ‘ A€ R}

u,v,wER,v—au#O}.

A — —y)A — M)A —
B T (218 $2)’Z+( WA L@ = VA@B )\ | el
2 2 12
Suppose first that 210 — 22 = 0. By hypothesis,
y 4y (=y)A
J _ A\) ) = A
6<x2+ﬁ/\—0zx1—04)\ (1 + )> ar 2

holds for at least three distinct values of A. After simplification of this expression, we
obtain

ag)\2 +a1A+ag=0
for at least three distinct values of A, where
ap = 4y? + (axy — x9) (1Y + 62)
a1 = 2y(z2 — axy) + (o — B)(x1y + 62)
as =2y(0 — ).
If o — =0, then axy — z2 =0, y = 0, and thus
Iy = {(z1+ X\, az; + aX0,2) | A € R}.
Hence I'y N M7 = (), a contradiction. This forces a — 3 # 0, which implies y = z = 0 and
Iy = {(z1,P21,0,0) * (A, BA,0,0) | A € R} = {(z1 + A\, B(z1 + 1),0,0) | A € R}.

Thus 0 € I'1 NT'9, and the claim follows.
Suppose now that x15 — x2 # 0. Then I's intersects the hyperplane

{(},2h,y,2") e R | ¢/ =0}
at some point (2}, 25,0, 2’), and we can write

Ty = {(21,25,0,2) % (A, 8,0,0) | A € R}
/ _ / ! / _ /
— {(x/1 +>\,'T/2+B)\, )\(xlﬁ2 x2)72/+ (xl )\))\('xlﬁ xZ)) ’ )\ ER}

12
with 278 — z}, # 0. By hypothesis,

A (248 — x)) 2 (%18 — a5) / _ o @ =) A (@8 — 7))
12 x’2+ﬁ>\—aa@’1—a)\_($1+/\) T 12 ’
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holds for at least three distinct values of A. After simplification of this expression, we
obtain
ao\? + a1\ +ag =0
for at least three distinct values of A\, where
ap = 122/ (m’Q — aa:’l)
ar =2 (218 — a4 o) (ax] — ah) + 122" (a — )
2
ag =2 (218 — xy)" + 2 (218 — ab) 2 (e — B).
If 2/ # 0, then 2}, — az| =  — a =0, and thus
Iy = {(1:/1 + A, ax) +a)\,0,z') ‘ AE ]R}.
Hence I's N M; = (), a contradiction. This forces 2z’ = 0 and thus
(218 — a3) @) (az} — 25) = 0.
If 2 = 0, then z4 = 0, whence {5 — 24, = 0. This contradiction forces az}] — z4 = 0,
which implies
Iy = { (27, az],0,0) * (A, BX,0,0) | A € R}.
Thus (2}, az,0,0) € 1 N Ty, and the claim follows. O
LEMMA 4.8. Let S and Sy be bounded, closed, intersecting segments (possibly points)
of distinct integral curves I't, I'a of left invariant, horizontal vector fields. Let S be a
bounded, closed segment of an integral curve of a left invariant, horizontal vector field,

and suppose that one endpoint g1 of S belongs to S1 and the other endpoint ga belongs to
Sy. Then S C S1 or S C Ss.

PROOF. After a left translation, we can assume
0€51NSy, Ty={(\z1,A12,0,0) [ A€ R} and TI'y={(Az],A25,0,0) | XA € R}

for suitable, linearly independent (z1,x2), (2}, %) € R? with (2} + 23) = (2 + 2%) = 1.
We have
g1 = ()\$1, )\3}2, 0, 0)
for some A € R and
g2 = g1 * (u1,u2,0,0) = (Az1, A\x2,0,0) * (ur, uz,0,0)

A - Azt — ur)A _
= <)\~T1+U1,)\$2+u2, (x1u2 x2u1) ( z1 ul) (1'1UQ m2u1)>

2 ’ 12

for some (u1,us) € R2. gy € T'y implies that A = 0 or that (z1,72) and (u1,ug) are linearly
dependent. If A = 0, then g1 = 0 € So. If (z1,22) and (u1,ug) are linearly dependent,
then gy € T'y, forcing go = 0 € Sy since I'y N Ty = {0}. O

LEMMA 4.9. If A CE is a finite union of bounded, closed segments S1, ..., Sk (possibly
points) of integral curves I'1, ..., Ty of left invariant, horizontal vector fields, then H(A) is
contained in a finite union of bounded, closed segments (possibly points) of integral curves
of left invariant, horizontal vector fields.

ProOF. Enlarging A if necessary, we can assume that

(i) T'1,..., T are all distinct and

(i) Ty NT; # 0 for some 7,5 € {1,...,k} implies S; N S; # 0.
Note that H(A) is the union of all bounded, closed segments of integral curves of left
invariant, horizontal vector fields with endpoints in A. Hence a bounded, closed segment
S of an integral curve of some left invariant, horizontal vector field is contained in H(A)
if and only if there exist 7,5 € {1,...,k} such that one endpoint g; of S belongs to S; and
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the other endpoint g; belongs to S;. We can assume 7 # j, for otherwise S C §; = 5}
since S is determined by its endpoints.

IET;NT; #0, then S;NS; # 0 and S C S; or S C Sj by Lemma 4.8.

If T;NT; = 0, then S is one out of four (at most) possible segments. Indeed, by
virtue of Lemma 4.7, g; is one out of two (at most) possible intersection points of I'; with
M; = (JTI') \ I';. Similarly, g; is one out of two (at most) possible intersection points of
I'; with M; := (JTI') \ I';. Since S is determined by its endpoints, the claim follows. O

In view of C(A) = H*(A) = Upen, H*(A), the following theorem is an immediate
consequence of Lemma 4.9.

THEOREM 4.10. If F C E is finite, then the h-convex closure C(F') of F is contained
in a countable union of bounded, closed segments (possibly points) of integral curves of left
inwvariant, horizontal vector fields.



CHAPTER 5

Geometric and measure-theoretic properties of h-convex
sets

In the first section of this chapter, we prove that the upper density of an h-convex,
measurable set at boundary points is uniformly bounded away from one. This fundamental
estimate has several interesting consequences, which will be discussed in chapter six. In
the second section, we show that the horizontal perimeter of h-convex, measurable sets is
locally finite. Hence the rectifiability theory of Franchi, Serapioni and Serra Cassano can be
applied to h-convex, measurable subsets of stratified groups of step two. In the last section,
we exhibit an h-convex subset of the first Heisenberg group which is not measurable. This
shows that the measurability assumptions in the preceding results cannot be removed.

1. Upper density bound at the boundary of h-convex sets

This section is entirely devoted to the proof of the estimate (5.5) at boundary points
of h-convex, measurable sets. We start with preparatory considerations about the size of
the characteristic set of a smooth submanifold of R? with respect to given smooth vector
fields. We use Theorem 5.3 in order to prove Lemma 5.4. The main result of this chapter,
Theorem 5.5, is a straightforward consequence of this lemma.

DEFINITION 5.1. Given smooth vector fields X7, ..., X, on R and a smooth, imbed-
ded, m-dimensional submanifold M™ (1 < m < d), define the characteristic set of M™
with respect to the vector fields X1, ..., X, to be the set

C(M™) ={peM"|X,(p) e T,M™, i=1,....n}.

Characteristic points have been extensively studied because of their fundamental im-
portance in several problems of geometry and analysis related to systems of vector fields
satisfying Hormander’s condition. However, in our setting, the most basic estimate of the
size of the characteristic locus suffices: if Xq,..., X, and their commutators of order at
most s span T,R? at each x € R?, then H2(C(M™)) = 0 (recall that H'} denotes m-
dimensional Hausdorff measure with respect to the Euclidean metric on R?). The idea of
the proof is borrowed from Derridj (cf. [26]), who proves the above statement for smooth
submanifolds of codimension 1.

LEMMA 5.1. Let Y = Zle a;0;, Z = 2?21 b;0; be smooth vector fields on R?. Let
1<m<d, R" = {:c ER|z;=0,m+1<i< d}, and write [Y, Z] = Zzzlc;ﬁk, The
set C consisting of the points x € R™ such that a;(x) = bj(x) =0 for allm < i,j < d and
cx(x) # 0 for some m < k < d has vanishing H' measure.

Proor. We compute

d d
:ZZa”ba ZZ bj(05a;)0;
vy o
= Z Zal((‘)lbk) — bl(('?lak)> 8k

47
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Thus ¢, = Zle a;(O1by) — bi(9ag). For m < k <d, 1 <1< m, let us consider the sets
Ak,l = {x e R™ | ak(x) =0, c%ak(x) 75 0}

and
BkJ = {:C cR™ ’ bk(:c) = 0, 8lbk($) 7é 0} .

Since C' C U, <p<d, 1<1<m(Aki U Bi), it suffices to show that HE (Ax;) and HE (Ba)

vanish for m <k < dand 1 <1 <m. Let us prove H} (Agm) = 0 for instance. Consider
R™1 = {x ERY|z;=0,m<i< d}. By Fubini’s theorem,

HE (Agm) = - Hi ({x +tem | t € RYN Agyn) dHE (2).

Fix 2 € R™~!. The set
{t e R| aqg(x +tey,) =0, Onaq(x + tey,) # 0}
consists of isolated points. Therefore
Hi ({z +tem |t € RY N Agm) =0,
whence H% (Agm) = 0. O

Given smooth vector fields X1, ..., X, in R? and a multiindex I of length |I| =1, i.e.
Ie{l,...,n}, welet X;:=X;ifl=1and I = (i), X; := [X(, _; ,) X ifl >2and
I = (i1,...,7;), and we write X; = 2?21 ar ;0;.

LEMMA 5.2. Let Xi,...,X, be smooth vector fields on R¢. Fiz 1 < m < d and
consider R™ = {x € R4 |zi=0,m+1<:< d}. Then, for all s € N with s > 2, the set
C' consisting of the points x € R™ such that

(i) a@)j(x) =0 foralli=1,...,n and m < j < d and
(ii) ary jo(z) # 0 for some Iy with |Iy| < s and some m < jo < d

has vanishing H'g measure.

PROOF. Let se N, s>2. Forl=1,...,s—1, let C; be the set of points x € R™ such
that
(i) arj(x) =0 for all I with |I| <! and all m < j < d and
(ii) ary,jo(x) # 0 for some Iy with [Io| =1+ 1 and some m < jo < d.
Clearly C = Uf:_ll C). Hence it is enough to show H}(C;) =0for 1 <[ <s—1.
For each 1 <[ < s—1, there exists N = N(I) € N and smooth vector fields Y7,...,Yy
on R? such that {Y; | k= 1,...,N} = {X; | |[I| <1} and (Y1,...,Ys) = (X1,..., X,).
Let us write Y3, = Z?:l br;0; and [Yy,, Yy,] = Z?:l Cky ,ke,;0j. Observe that

G C U Chy ks

1<k1<N,1<ka2<n
where C}, 1, is the set of points x € R such that
(i) bg, j(z) = bi,,j(x) =0 for m < j < d and
(i) Cry ko, jo () # O for some m < jo < d.

We have H} (Cyk,) = 0 for all 1 < ky < N and 1 < ky < n by Lemma 5.1, whence
HE (Cp) = 0, as required. d

THEOREM 5.3. Let M™ be a smooth, m-dimensional, imbedded submanifold of R%. Let
X1,..., X, be smooth vector fields on R such that the subspace of ToR? spanned by the
commutators of order at most s has dimension d at each x € RY. Then H'E(C(M™)) = 0.
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PRroOOF. Clearly, it suffices to show that for each p € M™, there exists an open neigh-
bourhood U of p in M™ such that HZ(C(M™)NU) = 0. Fix p € M™. Let V be
an open neighbourhood of p in R? and let ¢ : V — R be a diffeomorphism such that
o(M™NV)=R" ={z € R?| 2, =0, m <i<d} The existence of such charts is a
consequence of the implicit function theorem (see e.g. [90, Proposition 1.35]).

Let us write X; = dp(X;), and observe that for each multiindex I € {1,...,n}' of
length |I| = [, we have X7 =do(X)) ([90, Proposition 1.55]). In particular,

spang {)N(I(x) ’ || < s} =T,R4

at each x € RY. Hence p(C(M™) N V) is the set of points © € @(M™ N V) such that

Xi(x) € T,R™ foralli =1,...,n and X7(z) ¢ TzR™ for some I with |I| < s. By Lemma
5.2, we have H} (p(C(M™)NV)) =0 and consequently HZ}(C(M™)NV) =0. O
LEMMA 5.4. Let G = (Rd, *) be a stratified group. Let C C R¢ be h-convex with
0 € R4\ C. There exist smooth, imbedded submanifolds M, M?, ..., M? such that
(i) M™ is m-dimensional,
(i) M™ C B(0,m/d),
(iii) HE(M™) < +o0 and
(iv) Hg(M™\ C) = cm
form=1,...,d, where 0 < ¢, = ¢ (G) < HE (M™) does not depend on C.
PROOF. Let (Xi,...,X4,) be a basis of the first layer in the given stratification of the
Lie algebra of left invariant vector fields on (Rd, *) Given zg € R*\ C and 1 < j < dj,
let v : R — R¢ denote the integral curve of the vector field X ; which passes through zg at
time 0. By definition of h-convexity,
(5.1) Y(=00,0)NC =0 or ~([0,400))NC = 0.

Now let v : R — R? denote the integral curve of the vector field X; which passes
through 0 at time 0. Choose 1 > 0 such that v((—n,n)) € B(0,1/d). By (5.1), we have

Y((=n,0)NC=0 or ~([0,7)NC=0.

We let ¢; = HE(v((—n,0))) in the first case and ¢; = HE(v((0,7))) in the second.
Clearly, M! := ~((—n,n)) has the desired properties.

Let 1 < m < d and suppose we had already constructed smooth, imbedded submani-
folds M, M2, ..., M™ which satisfy our claims. Define A™ := M™ \ C. For 1 < j < dj,
k € N, denote by F ik the closed set consisting of points p € M™ such that

A { ( X;(p) 1 7y(p)>
(X;(p), X;(p))2

Let Fy" := (i1, F/%. By Theorem 5.3, we have

=

Y(p) € (TpMm)J_7 (Y(p),Y(p)) = 1} <

i R () = (m F,z”) — HE (C(M™)) = 0.
o keN
Choose
HE (M™)
HE(M™) 4 ¢ /dy

<g <1l
We can pick k € N such that
Hg (F) < (1= g)em,

whence
Hg (A™\ Fy") > gem,
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which implies that
(5.2) HE (A™ \ Fj ) > qcm/dy
for some 1 < j < dy. There exists Qm €M™\ F ”}c such that

HE (QF) > gHE (M™\ FJ})
whence
M (M™N\FJ) \ Q) < (1— @M (M™\ Fj) .
It follows that
(5.3) HE (Am N Qg”) > Hy (Am \ ]”,2) —(1—qHE (Mm \ ]”}C) .
Given p € Q7 let v : R — R? be the integral curve of X which passes through p

at time 0. Since M™ \ F [k is imbedded and ﬁm C M™\ F 1s compact, it follows by
standard reasoning that there exists €' > 0 such that the mappmg

PP x (—eft ) = RY, T (p,t) = (1)

is a smooth imbedding and is bi-Lipschitz for some constant 0 < L7* < +oc0. In particular,

M= @ (9 x (=€)

is a smooth, imbedded, (m 4+ 1)-dimensional submanifold of R
With the help of @7, using (5.1) and the estimate

(see [32, 2.10.27]), valid if I C R is an interval and A C R™ is an arbitrary subset, it is
not difficult to show that there exists a constant )\m > 0 such that

(5.4) HE (@7 () x (=€, €l")) \ C) = \"HE (A" N QY.
Combining (5.3) and (5.4), we obtain

Mg (A)HE()

]’]

(M7 C) = 7 HE (A 005
> Nj' (HE (A" \ Fj) — (1= q) (HE (M™\ Fj}))) -
Let M™F! := M7"*!. Then, by (5.2), we obtain
Hg ™ (M C) > AP (gem/di — (1 — QHE (M™)) > et > 0,
where ¢;,,+1 depends on ¢, and on the choice of ¢, but not on C. O

Theorem 5.5 below is the main result of this chapter. Roughly, it says that h-convex,
measurable subsets of a Carnot group do not admit inward cusps.

THEOREM 5.5. Let G = (Rd,*) be a Carnot group. There exists 0 < ¢ = ¢(G) < 1
such that

HQ(B(SL‘Q,’I“) N C)
<c VO<r<+oo
He(B(xo,7))
whenever C C RY is an h-convex, measurable subset and xy € OC' is a point on its boundary.
In particular, the upper density

(5.5)

i su HP(B(xg,7) N C)
w0 HAB(ao,r))
of C at boundary points xo € 0C' is uniformly bounded away from 1.
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PROOF. Fix 1 < A < (H%(B(0,1))/ (HE(B(0,1)) — cd))l/Q, where ¢, is the constant
appearing in Lemma 5.4. Pick z € R?\ C sufficiently close to zg, in such a way that
B(zo,7) € B(x,Ar). The set C := 01\ © l-2(C) is h-convex and measurable, and
0 € R? \ C. By Lemma 5.4, there exists a smooth, imbedded, d-dimensional submanifold
M9 C B(0,1) such that H, (Md \ C~'> > ¢q. Thus

HO(Blanr)nC) _ M (tzoon (BO)NC))  AeHQ (B(0,1)NC)

HO(B(zo,7)) —  H9U(,o6/(B(0,1) HYB(,1))
o 1_HQ(B(O,1)\O) e 1_%(3(0,1)\0) |
H?(B(0,1)) HEL(B(0,1))
and the claim follows with ¢ := A9 (1 — ¢4/H%E(B(0,1))). O

2. Local finiteness of the horizontal perimeter of h-convex sets

DEFINITION 5.2. Let G be a Carnot group, &;_,V; a stratification of its Lie algebra g
of left invariant vector fields, (-,-) an inner product on Vi, (X1,...,Xq4,) an orthonormal
basis of V; with respect to (-,-), p the sub-Riemannian distance induced by an inner
product (-,-) on V; and H? the Q-dimensional Hausdorff measure induced by p. Given
an open subset ) C G, we denote F(f2) the set of C! smooth sections of the horizontal

bundle with compact support in €2 and Zl 1o, X; )2 <1in Q. If E C G is measurable,
the horizontal perimeter of E in () is

(5.6) P(E,Q) = sup / divir o(g) dH%(g).
peEF(Q)JE

(Recall that divy ¢ is the horizontal divergence of ¢, see Definition 1.8). E has finite
horizontal perimeter in ) if P(E,Q) < +o00. E has locally finite horizontal perimeter in §2
if P(E,Q) < 400 for each ' € Q.

Sets of locally finite horizontal perimeter are the natural generalization to the setting of
Carnot-Carathéodory spaces of sets of locally finite perimeter in Euclidean spaces, which
were introduced by Caccioppoli and De Giorgi. They have been studied by several authors,
see for instance [39], [37], [3], [76], [61], [4], [38], [6].

THEOREM 5.6. Let G = (Rd, *) be a stratified group and let C C R be measurable and
h-convex. Then C has locally finite horizontal perimeter in (Rd, *)

PRrROOF. For 1 < i < dy, let X; be the left invariant, horizontal vector field uniquely
determined by the condition X;(0) = 9;(0) and let ®x; : R4 1 x R — R? be a measure-
preserving diffeomorphism, as in Proposition 1.3. Given Q € R? and ¢ € F(£), we have

/Rd o(x) divy p(z) dHE(x Z/ xo(z) Xpi(x) dHE(2),

where x¢ denotes the characteristic function of C. We fix 1 < i < d; and compute

/ XC( ) 2301( )dHE( ) / XC((I)Xi(yat))Xi@i((I)Xi(yat)) deE(:yvt)
R4 R4-1xR

b
= [ [ xe@xmnxiton w0 aarg ),

where K; C R4! is compact, a,b € R with a < b and @5 (spt( )) € K; x [a,b].
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Given y € K;, let
t_(y) :=inf{t € [a,b] | Px,(y,t) € C}, t+(y):=sup{t € [a,b]|Px,(y,t) € C}

(let t_(y) =t (y) = 0 if the set {t € [a,b] | Px,(y,t) € C} is empty). The h-convexity of
C implies ®x,(y,t) € C whenever t_(y) <t < t4(y). Thus

b
/K/ xo(®x, (y, ) Xipi(®x, (y, 1) dtdHE  (y) :/ 0i(®x, (y,t) }t+(y) dHE (1)

< 2HE(K).
O

REMARK 5.1. By the previous theorem, the rectifiability theory for sets of locally finite
perimeter in stratified groups of step two due to Franchi, Serapioni and Serra Cassano
(cf. [38]) applies to measurable, h-convex subsets of such groups.

3. A non-measurable h-convex subset of the first Heisenberg group

Recall that every convex subset C' C (Rd, +) is measurable since its boundary has
vanishing d-dimensional Lebesgue measure (see for instance [60]). By contrast, we have
the following

THEOREM 5.7. There exists a non-measurable, h-convez subset of the first Heisenberg
group.

PRrROOF. We have met the first Heisenberg group H more than once in this work. Let
us recall once again that

H=H = (R3,*) = ({(z,y,t) | z,y,t € R}, %)
with the group law
(z,y,0) « (@', y, t) = (x+ 2" y+ vy, t+t +2(a'y —2y))).
The left invariant vector fields
X =0, +2y0, Y =0,—2x0; and T =0
form a basis of the Lie algebra b of left invariant vector fields on H. If we define
Vi :=spang{X,Y}, Vo :=spang{T'},

then Vi @ V3 is a stratification of h. Recall that g = card(N), 2% = card(R). Lower case
Greek letters such as o, 3,7, ... denote ordinal numbers and £? is d-dimensional (outer)
Lebesgue measure on R

Observe that there are at most 2% open sets in R3. Hence the set

K := {K C R?® compact | L£3(K) >0}
has cardinality 2%°, and we can write

K:{Ka

a<2N°}.

Fix po = (z0, y0,to0) € Ko. We let f: {0} — H be given by f(0) = pp. We consider the set
E of extensions f : a — H of f such that
(i) a < 2%,
(i) f(B) = pg = (z8,y,tp) € Kp for all § < a,
(iii) (x3,y3) # (z+,y) whenever 3, v < a, 3 # v and
(iv) ps ¢ py *xexp(V1) (equivalently py ¢ pg * exp(V1)) whenever 3, v < o, 8 # .
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Graph inclusion defines a partial ordering on E. Clearly, if C' C F is any chain with
respect to this partial ordering, then | JC € E is an upper bound for C. By Zorn’s lemma,
there exists a maximal extension f : @ — H which enjoys the properties (i) through (iv).
We claim that a = 2%, By contradiction, assume that oo < 280, For 8 < «, let us denote

(z3,Y3,t3) = ps = f(B). Consider the set
T (Ko) = {(z,y) e R? | L' ({(z,y,t) | t e R} N K,) > 0} .
We have £2 (7 (K,)) > 0, whence

card ( (Ka)) > card ({(z4,3) | < a})
by Lemma 5.8 below. Pick (zqa,ya) € 7 (Ka) \ {(23,y3) | B < a} and denote
My :={(za,Ya,t) |t € R} N K,.

Since £ (M,) > 0, we have card(M,) = 2% by Lemma 5.8. On the other hand, each
pg * exp(V7) intersects M, in at most one point, and it follows that

card (M,) > card U pg*exp(Vi) | N M,
[B<a

Consequently, we can find

ta € My \ U bp * eXp(VYl) N M
B<a

We let g(B) := f(B) if B < a and g(a) := (Ta,Ya,ta). Then g € E, contradicting the
maximality of f.

Define C' := f (2%). Then C is h-convex by property (iv). It remains to show that
it is not measurable. Suppose by contradiction that C' is measurable. Then property (iii)
together with the theorem of Fubini imply that £3(C) = 0. Thus £3(B(0,1)\ C) > 0, and
there exists a compact set K C B(0,1) \ C with £3(K) > 0. But this is impossible since
property (ii) implies C N K # (). O

In the proof of Theorem 5.7, we have used the following
LEMMA 5.8. Suppose that M C R is L%measurable with LY(M) > 0. Then
card(M) = 2%,

PROOF. Let K C M be a compact set with £4(K) > 0. Let K; denote the set of
condensation points of K (i.e. the set of points = € R? such that each neighbourhood of z
contains uncountably many points of K) and let Ky denote the complement of K; in K.
By the theorem of Cantor-Bendixson (cf. [49, Theorem 6.66]), K is perfect (closed and
without isolated points), Ko is countable and K = K; U K». Since £4(K) > 0, it follows
that K; # (. Hence card(K7) = 2% (cf. [49, Theorem 6.65]). O






CHAPTER 6

Consequences of the upper density bound for h-convex sets

In this short chapter, we present some interesting consequences of the estimate (5.5).
First, we prove that h-convex, measurable functions are locally Lipschitz continuous. Sec-
ond, we give a concise alternative proof of the L>~L! estimates due to Danielli, Garofalo
and Nhieu (cf. Theorem 9.2 in [23]). Finally, we show how (5.5) can be combined with
sufficient conditions proved by Danielli in [21] (see also [10]), in order to demonstrate that
boundary points of an h-convex, bounded open subset 2 of a Carnot group are regular and
Holder regular for weak solutions of the Dirichlet problem for the subelliptic p-Laplacian.

1. Local Lipschitz continuity of measurable h-convex functions

THEOREM 6.1. Let G be a Carnot group, Q2 C G an h-convex, open set and u: 2 — R
an h-convex function. Suppose there exists a sequence {by}ren of real numbers such that
by, — 400 and Cy := {g € Q | u(g) < bg} is measurable for all k € N. Then u is locally
Lipschitz continuous.

PROOF. Fix go € © and r > 0 such that B(go,2r) € Q. Each C}, is h-convex and
measurable. Take k € N large enough, in order to guarantee u(gy) < b (whence gg €
Cy), and suppose that B(go,r) \ Cx # 0. By connectedness of B(go,r), we can find
g € B(go,r) N 0Cy. We have

Q
HOBg.\C) |
H(B(g,7))
by Theorem 5.5, where 0 < ¢ < 1 depends only on G. Hence
HC(B(go,2r) \ Ck) < 1—c
H@(B(go,2r)) — 29
On the other hand, by hypothesis,
H9(B(go,2r) \ C)
HR(B(go,2r))

It follows that B(go,r) \ Cx = 0 for large enough k € N. Thus u is locally bounded above
in €. The local Lipschitz continuity now follows from Lemma 4.1 and Proposition 4.2. [

—0 ask — +oo.

REMARK 6.1. We point out that if {ux}ren is a sequence of measurable h-convex
functions ug : © — R (where Q is an h-convex, open subset of some Carnot group G) that
admits pointwise upper bounds, respectively that converges pointwise, then supycy ug,
respectively limg_. 1 o ug, is again h-convex and measurable. In particular, if the sequence
admits pointwise upper bounds, then lim supy,_,, ., ux is an h-convex, measurable function.

2. L®—L! estimates

THEOREM 6.2. Let G be a Carnot group, ®;_,V; a stratification of its Lie algebra of left
invariant vector fields, p the sub-Riemannian distance induced by an inner product (- ,-)
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on Vi, Q C G an h-convex, open set and u : £ — R an h-convexr, measurable function.
There exist constants c1 = ¢1(G) and ca = c2(G) such that

(6.1) sup {[u(g)] | g € Blgo,r)} < e ][ [u(g)] dHO(g)
B(9078r)

whenever B(go, 87) € 2, and
C

(6.2) esssup{| Vuu(g)| | g € B(go,7)} < 2][ u(g)| dH%(g)
T JB(go,32r)

whenever B(go, 32r) € .

PROOF. Let us first prove (6.1). Assume B(gp,2r) € Q. Fix 0 < € < 400 and let
co := 29/(1 — ¢), where c is the constant from Theorem 5.5. The set

C:= {969 U(g)<60]{3( 2)IU(LCJ)\dHQ(g)ﬂLE}

is h-convex. We have B(gg,r) N C # (), since otherwise

1
fo @)z gof  utg)lane)
B(go,2r) B(go,r)

1
> o (o Ju@line(g) o
2 B(go,2r)

€
2][ [u(g)] dHO(g) + =
Blgo,2r) 29

Suppose now that B(go,r) \ C # (). Then we can find g1 € B(go,r) N IC since B(go,r) is
connected. We have

H?(B(g1,7)\ C)
HeBlrr)
by Theorem 5.5. Hence
HO(B(g1.r)\C) _ 1-c
HO(B(go,2r) — 20

1—
][ [u(g)| dHO(g) > —5- (Co ][ [u(g)| dH(g) + )
B(go,2r) B(go,2r)

B ” 0 (1 —c)e
- ]{B o @ a0+ B

and

v

This contradiction implies

u(gr) < co ][ u(g)] dHO(g) + ¢
B(go,2r)

for all g1 € B(go,r) and all € > 0. Now if B(go, 8r) € €2, then the above reasoning and the
continuity of u give
ug) <Mi=af Julg)| dHo)

B(go,8r)
in B(go,4r). In view of (4.1), (6.1) follows with ¢; := 4™(81-n)@co, where I, n € N depend
only on G.

To prove (6.2), it is now enough to show
< 8Vdisup {lu(g)| | g € B(go,4r)}

esssup {| Vi u(g)| | g € B(go, )} < " )
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since the claim then follows from (6.1) with cs := 8v/djc;.
Let (X1,...,X4,) be an orthonormal basis of V; with respect to (-,-). By Lemma 1.7,

the weak derivatives Xju, Xou, ..., Xg,u of v in  exist, and

for 1 <1i < d; and almost every g € B(go,r). By (4.2), we have
) — B 4 )
| ulg exp(tX)) u(g)} < i <8sup {lu(9)| | g € Blgo,4r)} p(g,gexpuX@)))

t]0 t t]0 T t

_ 8sup{Ju(g)| | g € Blgo. 4r)}
_ ssupflu(g)l | 9 € Blan, 1))

r .

3. Regularity of p-harmonic functions at the boundary of h-convex sets

In this section, G is a stratified group of homogeneous dimension @, @©;_,V; is a
stratification of its Lie algebra of left invariant vector fields, p is the sub-Riemannian
distance induced by an inner product (-,-) on Vi, (Xi,...,Xg,) is an orthonormal basis
of V1 with respect to (-,-) and Q C G is a bounded, open set.

We start with a reminder on horizontal Sobolev spaces: Given 1 < p < 400, we denote
WLP(Q) the vector space of functions f € LP(£2) whose weak horizontal derivatives in the
directions X1, ..., Xy, exist and belong to LP(Q). For f € WhP(Q), we define

I fllwrr) = I flle) + [ Vi fllr)-
Clearly, || - [lw1r() is a norm on WP(Q) and (W'P(Q), || - lwrs(q)) is complete. We
denote by Wol’p(Q) the completion of C2°(Q2) with respect to the norm || - [|y1p(q). In-

tuitively, VVO1 P(Q) is the closed subspace of trace zero Sobolev functions. Using Lemma
1.6 together with a partition of unity argument and Lemma 1.7, it can be shown that the
spaces W1P(Q) and VVO1 P(Q) coincide with the spaces of functions considered in [21].

Given 1 < p < +00, we call a function u € WHP(Q) p-harmonic if it is a weak solution
of the subelliptic p-Laplace equation

(6.3) divyg (| VauP?Vyu) =0 inQ,

which is the Euler—Lagrange equation of the p-energy integral
1
> [ 1Vuuto)p an(o).
PJa

Using the convexity of £ — [€[P, it is easy to show that a p-harmonic function u € WP(Q)
has the minimizing property

/ |V u(g)lP dHO(g) < / | Vin(u+ 9)(@)P dHOg) Yo € WEP(9).
Q Q

Let 1 <p < Q and f € W'P(Q)NC (Q). It can be shown that the Dirichlet problem
diveg (| Vaul > Vau) =0 in Q
u—feW,P(Q)
admits a unique weak solution u € W1P(2), and that the precise representative of this

solution is locally Holder continuous in §2. In the following, when we speak of the solution
of (6.4), we refer to this precise representative.

(6.4)
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In [21] (cf. Theorem 3.1 and Theorem 3.8), Danielli obtained the following criteria for
the regularity, respectively the Holder regularity, of a boundary point:

THEOREM 6.3. Let gy € 0. If

[ (el 0 U, 2r>>>” HE A
0 capy, (U(907 T)? U(go, QT)) r
(where Q¢ = G\ ), then go is a regular boundary point, i.e.

I =
eam ulg) = flgo)

whenever f € WP(Q)NC (ﬁ) and u s the solution of the corresponding Dirichlet problem
(6.4).

THEOREM 6.4. Let gy € 09, ro > 0 and 0 < r; < ry9 < ryg/2. There exists a constant
B > 0 depending only on Q and p such that

osc (u, QN U(go, 1)) < osc (f, 02N U(go,2r2))

+ osc(f, 09) exp <—ﬁ / o, g0m) dr) ,

-
whenever f € WP(Q)NC (ﬁ) and w s the solution of the corresponding Dirichlet problem
(6.4), where

Capp (U(g()a T) N Qc, U(QO, 2r)> > 1/(p—1)
cap,, (U(go,7), Ul(go, 2r))

Some words of explanation are in order: The sets U(g,r) (¢ € G, r > 0) are open

subsets of G which are obtained as appropriate level sets of the fundamental solution of

the subelliptic Laplace equation Zf;l X?2u = 0, and which enjoy the following properties:

Y(p; 9o, 1) == (

(i) There exist constants ro > 0 and a > 1 depending on €2 such that
B(g,r/a) CU(g,r) C B(g,ar) VgeQ V0<r<r.

1) For eac < p < 400, there exists a constant 0 < ¢, < +00 depending on p an
ii) F h1< th ist tant 0 » d di d
), such that the Poincaré—Sobolev type inequality

1/p 1/p
<][ lo(g) P dHQ(Q)) < cpr <][ | Vi e(g)P dHQ(Q))
U(go,r) U(go,r)

holds for all gg € ©, 0 < r < ro (rg as above) and ¢ € C°(U(go,r)). (These
inequalities follow via standard considerations from Theorem 2.2 in [21]).

The subelliptic p-capacity cap,, of a subset of {2 (1 < p < +00) is defined as follows: If
K C Q is compact, let

cap, (K, ) :inf{/Q]VHgoldeQ(g) ’ e CF (), p>1on K} .

For an arbitrary subset £ C €, let

cap,(E,Q) = Egig,fgﬂ Sup cap, (K, ),

where ' is open and K is compact.

We easily deduce the following corollaries of Theorem 6.3 and Theorem 6.4:
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COROLLARY 6.5. Let go € 0N2. Suppose that there exists b > 0 such that
cap,, (U(go, ) N Q°, U(go,2r))
cap, (U(go,7), U(go,21))
for all sufficiently small r > 0. Then gg is a regular boundary point.

PrOOF. Immediate by Theorem 6.3. g
COROLLARY 6.6. Let gy € 092. Suppose there exist b > 0 and 0 < R < min{1,7¢/2}

such that
capy, (U(907 7’) N QC? U(gOa 27"))
capy, (U(907 T)? U(go, QT))
Then go is a Hélder reqular boundary point, i.e. whenever f € WHP(Q)NC (ﬁ) is Holder

continuous at gg, then the solution of the corresponding Dirichlet problem (6.4) is Hélder
continuous at gg-.

>b VO<r<R.

PROOF. Fix 0 < § < 1. For0 < r; < R1/5, let ro := r‘f. Theorem 6.4 and a short
computation show that

osc (u, 2N U(go,r1)) < osc (f, onNuU <go, 21"‘{)) + osc (f,00) r],
where n = (1 — 6)3bY =1 Hence
osc (u, 2N B(go,r1/a)) < osc (f, oONB <go, 2ar‘1$>) + osc (f,00) r]

and the claim follows. O

Let us now show that the hypotheses of Corollary 6.5 and Corollary 6.6 are satisfied
when 2 is h-convex:

PROPOSITION 6.7. Suppose that £ is h-conver. Let 1 < p < 4+00. Then there exist
b>0 and 0 < R < min{l, ro/2} such that

cap, (U(go, ) N, U(go, 2r))
capy, (U(go,7), U(go,2r))

PROOF. In view of (5.5), it suffices to show that there exist constants v > 0 and
0 < R < min{l, r9/2} such that

cap, (U(go, ) N, Ulgo, 2r)) _ H? (B(go,/2a) N Q)
cap, (U(go,r), Ulgo,2r)) | HS(B(go,2ar))

We prove that there exist constants 0 < 1, v2 < +00 and 0 < R < min{1,7/2} such that

H? (B(go,2ar))

rp

>b Vgoeod)l VO<r<R.

Ygo €0 Y0o<r<R.

cap, (U(go,7), U(go,2r)) <m Vgo €0 VO<r<R

aIld

By Lemma 2.1 in [21], there exist constants 0 < 73 < 400 and 0 < R < min{1,ry/2}
such that, for all go € 992 and all 0 < r < R, we can find a ¢ € C°(U(go,2r)) with

@ >1inU(go,r) and | Vi ¢| < 'yll/p/r in U(go,2r). Hence, by definition of the subelliptic
p-capacity, we get

Vgoedl Vo<r<R.

HY (U(go, 2r
cap, (Wl ), Ul 2 < [ [ Twgto) () < 02
90,27

H? (B(go, 2ar))

rp

<M
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for all go € 02 and all 0 < r < R.
Now let 79 = 1/ch and let R be as above. The Poincaré-Sobolev inequality gives

[ vnera@=2 [ je@Prae) vmeon Yo<r<r
U(go,2r) ™ JU(go,2r)

whenever ¢ € C°(U(go, 2r)). Hence
HY (F(go, r/2a) N QC)

rp

VgoedQ Yo<r<R

/ | V()P dH(g) = 72
U(go,2r)

whenever ¢ € C2°(U(go,2r)) satisfies ¢ > 1 on B(go,r/2a) N Q°. By definition of the
subelliptic p-capacity, we obtain

Capp (U(g()a T) N ch U(g(]7 QT)) > Capp (E(g(): 7"/2&) N ch U(g07 2T))
Q(R c
>72H (B(g0,7/2a) NQ°)

rp
for all gg € 02 and all 0 < r < R. 0

REMARK 6.2. Similar boundary regularity problems can be formulated and studied
in a much more general setting. Indeed, the Newtonian spaces of Shanmugalingam ([85])
provide a framework within which the notion of quasiminimizer of the p-energy integral
on bounded, open subsets 2 of general metric measure spaces can be defined. In [54],
Kinnunen and Shanmugalingam prove that quasiminimizers of the p-energy integral are
locally Holder continuous in 2 and satisfy the Harnack inequality and the maximum
principle, provided the space is doubling and admits a suitable Poincaré inequality. In
[10], J. Bjorn studies the boundary regularity of quasiminimizers of the p-energy integral
subject to appropriate boundary conditions on bounded, open subsets of a metric measure
space. Assuming that the space is doubling and admits a suitable Poincaré inequality, she
obtains results very similar to the ones presented in this section (cf. Theorems 2.11, 2.12
and 2.13 and Remark 2.15 in [10]).



CHAPTER 7

Second order regularity of h-convex functions

In this final chapter, we describe the main steps which lead to the generalization of
the Aleksandrov theorem (pointwise second order differentiability almost everywhere) to
(continuous) h-convex functions on Carnot groups of step two. In the first section, we
present the second order approximate differentiability theorem for functions with bounded
horizontal variation up to order two, due to Ambrosio and Magnani ([5]). In the second
section, we prove that the symmetrized horizontal Hessian of an h-convex, measurable
function exists in the sense of distributions. Then we state a result of Danielli, Garofalo,
Nhieu and Tournier ([24]), which asserts that a (continuous) h-convex function on a general
Carnot group of step two has bounded horizontal variation up to order two. This result
generalizes the corresponding theorem for h-convex functions on the first Heisenberg group,
which was obtained by Gutiérrez and Montanari ([45], [46]). Finally, in the last section, we
show how to combine the results of the previous sections in order to obtain the Aleksandrov
theorem in stratified groups of step two.

In the following, G is a Carnot group, ®;_;V; is a stratification of its Lie algebra g
of left invariant vector fields, (-,-) is an inner product on Vi, (Xi,...,Xy) is an adapted
basis of g with respect to (-,-), p is the sub-Riemannian distance on G induced by (-, )
and H? is the Q-dimensional Hausdorff measure on G induced by p.

1. A second order approximate differentiability result

We start with a brief reminder on polynomials on stratified groups: P : G — R is
called a polynomial if P o exp is a polynomial on g. Let (&1,...,&4) be the basis for the
linear forms on g dual to the basis (X71,..., X4) and define n; := &oexp ! for j =1,....,d.
Then every polynomial P on G admits a unique representation

P = Z aInI

IeNg

with n! = n’f e nff, where all but finitely many of the coefficients a; vanish. The weighted
degree of the polynomial P = ZIeNg arn’ is defined to be

d
deg(P) := max Zdeg(j)z’j I=(i1,...,iq) eNd a; #0
j=1

For n € Ny, we denote by P,, the space of polynomials of weighted degree at most n.
By Proposition 1.25 in [36], P, is invariant under left and right translation.

It follows from the theorem of Poincaré-Birkhoff-Witt that
{Xf = XU X T = (iy,...ig) € Ng}

is a basis for the algebra of left invariant differential operators on G (see the third chapter
of [87]). Let (Xi,...,X4) be an adapted basis for g. The weighted degree of the left

61



62 CHAPTER 7: Second order regularity of h-convex functions

invariant differential operator D = 3" Ieng @ 1 X! is defined to be

d
deg(D) := max Zdeg(j)ij I=(i1,...,iq) €ENI ar #0
j=1

For n € Ny, let us denote by D,, the space of left invariant differential operators of weighted
degree at most n.

PROPOSITION 7.1. Let n € Ng. Then the mapping f : Pn — D, defined by
fPy== Y (X'P)(e)X! vPeP,
deg(XT)<n
is an R-linear isomorphism.

PROOF. An immediate consequence of Proposition 1.30 in [36]. O

We now define functions of bounded horizontal variation:

DEFINITION 7.1. Let  C G be an open subset. A function f € L'(Q) has bounded
horizontal variation if its weak horizontal derivatives exist in the sense of measure, that is
if there exist signed Radon measures X1 f,..., X4, f on Q with finite total variation such
that

/ £(9)Xipl(g) dHO(g) = - / P(@)d(Xif)g) Vo€ C2(Q)
Q Q

(1t =1,...,d1). The vector space of functions of bounded horizontal variation is denoted
BVy(Q).

A function f € LY(Q) has bounded horizontal variation up to order two if its weak
horizontal derivatives X f, ..., Xy, f exist and are representable by functions which belong
to BV (§2). The vector space of functions of bounded horizontal variation up to order two
is denoted BVA(1Q).

We say that f has locally bounded horizontal variation (up to order two) and we denote
f€BViioe(R) (f € BVﬁleC(Q)) if f € BViioe(SY) (f € BVI_QLZOC(Q’)) for each Q' € Q.

REMARK 7.1. Observe that if f € BVA(Q), then Df exists in the sense of measure
for each D € Ds. That is, for each D € Dy there exists a signed Radon measure D f with
finite variation such that

/ £(9)Dolg) AHO(g) = — / 2(9)d(Df)(g) Vo€ CE(Q).
Q Q

Given f € BVA(Q) and D € Ds, we denote by (D f), and (D f)s respectively the absolutely
continuous and the singular part of Df with respect to H<.

The following second order approximate differentiability result for functions in BVA(Q)
is due to Ambrosio and Magnani (see Theorem 3.9 in [5]):

THEOREM 7.2. Let Q C G be an open subset and f € BVI_QI(Q). Then, for almost every
go € 1, there exists a polynomial Py, of weighted degree at most two, such that

. 1
(7.1) lim — 1£(9) — Py (9)| dH®(g) = 0.
rl0Tr B(go,r)

REMARK 7.2. It is an exercise to show that Py, —if it exists— is unique. In fact, for HE
almost every gg € €2, Py, can be characterized as follows: consider the basis

BZ{Id}U{XZ'f‘1§i§d1}U{Xinf’1§’i,j§d1}
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of Dy. By standard measure theory, for H% almost every gg € €, the limit

. d(Df)a
AD, go) :=1 dH®
(D, go) = Iim o dHE (9) dH*(g)

exists and (D)

lim =28y — XD, go)| dH%(g) =0

S Lot | dHQ (9) = A(D, 90) (9)
holds for all D € B, and

I [(Df)s|(B(go,7)) _ 0

im
rio HP(B(go,7))

for all D € B, where |(Df)s| is the variation measure associated with the singular part

(Df)s of Df. By Proposition 7.1, there exists a unique polynomial P in Py such that

ey d(Df)a
PP =008 g~ aHa

and (7.1) holds with P, := P.

(9)dH%(g) VD e B,

2. Horizontal variation of h-convex functions
In this section, 2 C G is an h-convex, open subset and u : {2 — R is h-convex and
measurable.

Proposition 7.3 shows that the symmetrized horizontal Hessian of an h-convex, mea-
surable function exists in the sense of distributions (compare Theorem 8.1 in [23] and
Theorem 4.2 in [64]):

PROPOSITION 7.3. There exist unique signed Radon measures {ji;j}1<ij<d, on §2 such
that

(7.2) /Qw(g) dpi;(9) —/QU(Q) D7 ¢(9)(Xi(9), X;(9)) dHY(g) V¢ € C2(Q).

The measures fi11, (422, - - - 5 fdyd, GT€ NON-negative.

PRrROOF. Let X € V; such that (X, X) = 1. Define

Ty (p) == /Q u(g) X Xp(g) dHO(g) Vg € CX().

Given a non-negative ¢ € C°(Q), let ' € Q such that the support of ¢ is contained
in . By Theorem 6.1, u is continuous in . The regularization u. is defined on Q' for
sufficiently small € > 0. Using Lemma 1.4, Lemma 1.6 and Lemma 3.2, we obtain

/Q u(g)XXp(g) dH(g) =lim | uelg)XXp(g)dH (g) =lim | XXuc(g)olg)dH(g),
and the last expression is non-negative. It follows that T’x is a non-negative linear func-

tional on C2°(€2). By the Riesz representation theorem, see for instance Corollary 1 in §8
of the first chapter of [30], there exists a unique Radon measure px on € such that

Ty (p) = /Q o(9) dux(g) Vo CR(Q).

Clearly, the signed Radon measures

1 1
Mij 2= Xy = GHX T 5 HX;

with X;; := (X; + X;)/V2 for 1 < 4,5 < d satisfy (7.2). O

Proposition 7.3 implies that u € BVI?“ oe(§2) if the weak derivatives [X;, X;]u of u in
the directions of the commutators exist as Radon measures:
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COROLLARY 7.4. Suppose that for all 1 <1i,j < dj there exists a signed Radon measure
v;j such that

/ o(g) dvis(g) = — / u(g) (Xi, X;)0) (9) AHO(g) Vi € CX(Q).
Q Q
Then u € BVI_QI’ZOC(Q).

Proor. For 1 < 4,5 < di, we define the signed Radon measures m;; = p;; — %z/ij.
Then

[ ot m = [ o) (D@ (X0, X500 + 5 (X Xlo) 0)) 200
Q Q

- /Q u(g) XiX;0(g) dHO(g)
for all p € C°(Q). O

Let ' € Q2. We have ' € ¢ when e > 0 is sufficiently small and the regularization
Ue : e — R is well-defined. It follows from Lemma 3.2, Proposition 3.3 and Theorem 3.6
that the symmetrized horizontal Hessian D%I U, is positive semidefinite in . In particular,

the eigenvalues \; (DIQ{ ue) ey Ay (DQH ue) are non-negative in €' and thus
Folue] :== Z Ai (D%{ uE) Aj (D%{ ug) >0
1<i<j<dy
in Q.

Estimate (7.3) below, which can be derived from a monotonicity result for the operator

Folue] + Z Z ([Xi, X;]ue)?
1<i<j<dy
appearing in the integral on the left hand side of (7.3) via a covering argument, is due to
Danielli, Garofalo, Nhieu and Tournier (cf. Theorem 4.3 in [24]). It is the crucial step on
the way to the generalization of the Aleksandrov pointwise second order differentiability
theorem to stratified groups of step two:

THEOREM 7.5. Suppose that the step of G is two. Let Q' € Q" @ Q and € > 0 such
that Q" @ Q.. There exists a constant ¢ depending only on G, Q' and Q" such that

(7.3) Q/Fg[ue]—&—z S (X Xlu)? dHO(g) < ¢ (ose (ue, 27))°
1<i<j<d

COROLLARY 7.6. Suppose that the step of G is two. Then u € BV}QLZOC(Q).

PROOF. Let Q' € Q arbitrary. Tt follows from (7.3), that {[X;, X;]ue, } ;.o is @ bounded
sequence in L2(Q) for 1 < i,j < d; whenever {e;}ren is a sequence of positive numbers
decreasing to 0 (and ¢; is small enough). Using the weak compactness of L?, it is easy to
show that the weak derivatives [X;, X;Ju of u in  exist and belong to L? (Q) (1 <i,j <
dy). The claim now follows from Corollary 7.4. O

3. Pointwise second order differentiability of h-convex functions in step two

Theorem 7.7 below tells us that h-convex functions with locally bounded horizontal
variation up to order two are twice differentiable almost everywhere. The proof is a
straightforward adaptation to the stratified group setting of the proof of the corresponding
Euclidean statement (see Theorem 1 in §4 of the sixth chapter of [30]). The main tool is the
second order approximate differentiability theorem for functions in BVA(Q) (cf. Theorem
7.2).
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THEOREM 7.7. Let Q C G be an h-convez, open subset and let u € BVE, () be
h-convex. Then, for almost every go € €1, there exists a polynomial Py, of weighted degree
at most two such that

i 9) — Poo(9)

—0.
g—9  p(g0,9)?

PRrROOF. Let go € Q and let Py, be a polynomial of weighted degree at most two,
such that (7.1) holds. Let us write P instead of Py, for notational convenience. We have
P = P, — P,, where P; is a polynomial of weighted degree at most one and P, is either
vanishing or a homogeneous polynomial of weighted degree two. Hence

U—P:(U—P1)+P2,

where u — P € BVI%JOC(Q) is h-convex and P, is either vanishing or a homogeneous
polynomial of weighted degree two.
It follows from the stratified mean value Theorem 1.41 in [36] that

|P2(g1) — P2(g2)| < corplg1,92) Vg1,92 € B(go,7)

whenever B(go,r) € §2, where 1 < ¢y < +00 is a constant which does not depend on r.
Fix rg such that B(go, Ro) € 2, where Ry = 16(2l-n+1)r¢ and I, n € N are the constants
appearing in Proposition 1.2. By (4.3) and (6.1), we have

8-l-n-c1

[(u—P1)(g1) — (u— P1)(g2)] < ( ]{3( " |(u— Pr1)(g)| dHQ(g)) p(91,92)

"
for all g1, g2 € B(go,r) whenever 0 < r < rg, with R = 16(2] - n + 1)r. It follows that

8- 1l-n-¢
r

|(u = P)(g1) = (u— P)(g2)| < < ]g( o [(u— P1)(9)| dH(g) + cm“) p(g1, 92)

for all g1, g2 € B(go,r) whenever 0 < r < 19, R as above.
Given 0 < € < 1/2, let i := (¢/co)?. By hypothesis, we can find 0 < r; = 71(e) < 7o
such that

Q r u — 67’2 L u — Q
gy MU Bn [Pzt < 5 [Pl i)

< H?(B(go,7))
and

8- l-n-c
][ (u— P)(g)| dHO(g) < 1
B(g07R)

cor?

forall 0 <7 <7y with R=16(20-n+ 1)r. Given 0 < r <y, g1 € B(go,7/2), there exists
g2 € B(go, ) such that

[(u—P)(g2)| < er? and p(g1,g2) < n"/%r.

Otherwise

H2 ({9 € Blao.r) | It = P)(9)| 2 er?}) 2 79 (B (91,077 )
= nH%(B(g0, 7)),
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contradicting (7.4). Consequently,
|(u = P)(g1)] < [(u—=P)(g2)] + [(u = P)(g1) = (u = P)(g2)|

8.1-nm-
<er’ + <n61][ [(u—P)(9)| dH(g) + 607“) plg1, 92)
B(go,R)

< er? + 8lncl][ |(u — P)(g)] dHQ(g) +1 conl/Qr2
B(go,R)

for all 0 < r < r; and all g1 € B(go,r/2). O

From Corollary 7.6 and Theorem 7.7, we immediately obtain the main result of [24]
(Theorem 1.1), that is the pointwise second order differentiability of h-convex functions
on stratified groups of step two. In view of Theorem 4.6, we can remove the continuity
assumption from the hypotheses of Theorem 1.1 in [24].

THEOREM 7.8. Suppose that the step of G is two. Let Q@ C G be an h-convex, open
subset and let u : Q& — R be h-convex. Then, for almost every gy € €2, there exists a
polynomial Py, of weighted degree at most two, such that

i 49) — Py (9)

= 0.
g—9  p(g0,9)?
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